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ABSTRACT. A principal uses payments conditioned on stochastic outcomes of a team
project to elicit costly effort from the team members. We develop a multi-agent general-
ization of a classic first-order approach to contract optimization by leveraging methods
from network games. The main results characterize the optimal allocation of incen-
tive pay across agents and outcomes. Incentive optimality requires equalizing, across
agents, a product of (i) individual productivity (ii) organizational centrality and (iii)
responsiveness to monetary incentives. We specialize the model to explore several ap-
plied questions, including whether compensation should reward individual ability or

collaborativeness and how the strength of complementarities shapes pay dispersion.
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1. INTRODUCTION

A popular method of motivating members of a team is giving them performance
incentives that depend on jointly achieved outcomes. Examples of such incentives in-
clude startup executives receiving firm stock and a marketing team receiving bonuses
for achieving a sales target. How should such incentive schemes be designed and how
should they take into account the team’s production function?

We examine these questions in a simple model of a team working on a joint project.
Each member chooses how much costly effort to exert. These actions jointly determine
a real-valued team performance—for example, the quality of a product—according to
a sufficiently smooth, increasing function of the efforts, which may entail interactions
such as complementarities among agents’ efforts. Any performance level determines
a probability distribution over observable project outcomes. For example, the outcome
may be the revenue from a project, which is increasing in non-contractible project quality,
but stochastic due to factors outside the team’s control. Although it is not possible
to write contracts contingent on individual actions or the realized team performance,
the principal can commit to a contract specifying nonnegative payments to each agent
contingent on each possible project outcome. The principal’s goal is to design this
contract in a way that maximizes profit: revenue minus compensation.

The setting builds on the classic Holmstrom (1979) model, in which a single agent

L' In

produces work of a non-contractible quality resulting in an observable outcome.
our setting, the analogue of quality is a jointly achieved performance. How incentive
spillovers across agents matter for contract design—a central issue for modern firms—is
not well understood, despite the immense amount learned about contract design since
Holmstrom’s work. In this paper, we make progress on this problem by leveraging some
ideas from network theory.

To illustrate the basic importance of incentive spillovers, imagine that the principal
slightly adjusts the contract of a particular agent, Bob, in a way that motivates him to
work harder. In team production, changing one team member’s action can change other
agents’ private returns to effort, holding fixed their own contracts. Those whose efforts

are complements to Bob’s are now motivated to work harder, while those whose efforts

"n particular, the obstacles to perfect contracting are the same: moral hazard and limited liability.
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are substitutes to his have incentives to free-ride on his higher effort. This interconnect-
edness plays a pivotal role in the optimal allocation of incentive pay. In view of what we
have just said, optimal contracts cannot be based only on the isolated contributions of
agents’ efforts to team performance. Contract design must also take into account agents’
organizational positions—how their effort shapes other agents’ responses to their own
contracts.

The paper makes two contributions: first, it provides a general characterization of
optimal contracts in the presence of incentive spillovers; second, it applies this framework
to understand how exogenous features of production in an organization shape optimal
compensation outcomes.

The condition that constitutes the first contribution is stated in terms of three kinds
of quantities that can be associated to each agent at any contract. The first quantity,
an agent’s marginal productivity, is the partial derivative of team performance in an
individual’s action, holding others’ actions fixed. The second quantity is called an agent’s
centrality: a measure of connectedness in a network—which we are about to discuss
in detail—reflecting incentive spillovers, with connectedness to more productive agents
weighted more. The relevance of these quantities for contract optimality should be
intuitive in view of what we have said. The third quantity is an agent’s marginal utility
of money: it accounts for the fact that an agent who has a low valuation of an additional
dollar is, all else equal, a less responsive and less appealing recipient of incentive pay. Our
main result is that, when the binding incentive constraints are local, optimal contracts
satisfy a balance condition: the product of the three quantities described above is equal
across all agents receiving any incentive pay.

The incentive spillover network in which centrality is defined plays a key role in our
analysis. Economically, it summarizes how changing one agent’s incentives (and thus
effort) shifts other agents’ marginal returns to effort, inducing strategic responses that
propagate through the team: complements work harder, while substitutes have incen-
tives to free-ride. Mathematically, the network is based on the Hessian of the team
performance function evaluated at the equilibrium induced by the optimal contract—

that is, the cross-partial derivatives of output as we differentiate in two agents’ efforts.
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Because this network is pinned down by the technology’s local curvature, it can in prin-
ciple be estimated from data on how output changes as agents’ actions change. It is
worth emphasizing that our general model makes no parametric assumptions and thus
allows quite flexible production functions for the team.? Nevertheless, we show that the
team’s production function matters only through its first derivatives and its Hessian at
the optimal contract. This allows us to leverage some methods from well-understood
network games whose payoffs are quadratic polynomials to analyze the spillover effects of
locally perturbing incentive pay under arbitrary contracts. We use this key reduction to
characterize the first-order conditions that determine the principal’s optimal allocation
of incentives both across agents and across outcomes.

There are two immediate corollaries of this characterization, new to the contract
theory literature, that demonstrate its economic content. First, it implies a ranking
of agents by compensation. If all agents have identical utility functions of money and
these functions are concave, then those with a higher “productivity times centrality”
index must be paid more in every outcome. This provides a simple rule of thumb:
incentive pay should load on agents who are both directly productive and valuable to
others’ incentives both directly and indirectly. Second, the balance condition implies
a ranking of observable outcomes (e.g., revenue realizations) based on their incentive
power, and this ranking holds across agents. Payments concentrate on outcomes with
higher “incentive power”—those where the ratio of probability to marginal probability
is favorable for motivating effort. This generalizes the single-agent result of Holmstrom
(1979) to our multi-agent setting.

The balance condition is a critical step in our analysis of the problem, but all its terms
are endogenous—evaluated at an equilibrium played by the agents at a contract chosen
by the principal. To obtain more explicit guidance, one needs to understand how ex-
ogenous features of the organization—its technology, network structure, and measurable
agent characteristics—translate into compensation outcomes. The remaining sections

take up this challenge from several angles. By introducing parametric structure, the

?To take just one example, the team’s production function could be an arbitrary polynomial, with
monomials of arbitrary degree reflecting outputs generated through the joint efforts of arbitrary subsets
of the team—e.g., complementing one another in threes, fours, and so on.
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applications we develop build economic intuition and yield implications that can serve
as inputs for applied exercises.

We begin in Section 4.1 with a setting where agents differ in both standalone produc-
tivity and in how much their effort complements others’, but each agent’s complemen-
tarity is described by a single parameter. In this tractable case, the balance condition
yields explicit pay formulas: optimal compensation depends on a combination of an
agent’s direct productivity and his complementarity parameter. As spillovers strengthen,
compensation shifts sharply from being productivity-driven to being complementarity-
driven. A numerical example suggests accounting for this effect can be very important:
a principal neglecting spillovers when they are large fails to achieve most of the potential
profits.

The rank-one case used to make these points has the property that an exogenous
complementarity parameter for each agent maps into that agent’s centrality in a clean,
monotone fashion. More generally, how the centrality of an agent is determined by ex-
ogenous complementarity parameters is more complex—a theme taken up in Section 4.2.
This section studies agents who are homogeneous in terms of their standalone produc-
tivities embedded in an arbitrary complementarity network. We are able to obtain an
exact closed-form characterization of all agents’ centralities in equilibrium, as well as
optimal compensation. The main message is that agents’ centrality is not monotone
in their complementarity parameters. Strengthening complementarities may weaken an
agent’s network position and pay at the optimal contract due to the rebalancing that
takes place in the principal’s optimization. Thus, equilibrium centrality is subtle, and
must be measured at the endogenous outcomes induced by the principal’s contract.

Because this measurement requires measuring spillovers, we ask in Section 5 when our
theory provides credible guidance in the presence of error in estimating these spillovers.
When are the incentive reallocations suggested by our theory likely to improve profits
even if the network is measured with error? Centrality comparisons turn out to be robust
when spillovers are moderate (so that small network perturbations don’t dramatically
change who is pivotal) or the team is well-connected. By contrast, when spillovers are
large and the team is nearly partitioned into separate subgroups, small measurement

errors can flip which agent or subteam appears most responsive to incentives. Our results
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on robustness and its failure are not just one-off examples, but rather are formulated
in terms of standard measures from the literature on network segregation, namely the
network’s “spectral gap” (difference between the first and second eigenvalue). Failure of
targeting due to nearly-partitioned networks corresponds to networks with small spectral
gaps, while when the spectral gap is large enough, matrix perturbation results ensure
measurement error is not too consequential. These mathematical connections open up
links to the econometric literature on networks.

Our applications so far have been set in the linear-quadratic framework, which is
standard in network games but in which all complementarities are structurally bilateral.
A natural case of practical interest is one in which complementarities arise at the level
of the whole team rather than between pairs. Section 6 illustrates the generality of
our framework by specializing our framework to Cobb-Douglas and CES production
functions capturing this feature. There, we show that the balance condition again yields
clean closed-form solutions. This allows us to focus on an outcome of practical interest
that we have not devoted much attention to: pay dispersion. The key insight is that pay
dispersion is governed by the elasticity of substitution: highly substitutable efforts justify
concentrating pay on high-productivity agents, while strong team-level complementarity

induces an optimizing principal to allocate pay more equally.

Related literature. In the contract theory literature, the Holmstrom (1979) model—
studying incentives for a single agent under moral hazard and imperfect observability—is
a special case of our multi-agent setup. We use the first-order approach (see Rogerson
(1985) and Jewitt (1988)). To our knowledge, there is not much work on how first-

® Indeed, the extensive

order conditions for contract optimality depend on spillovers.
literature on moral hazard beginning with Holmstrém (1982) focuses mainly on different
questions. In that strand, a key question is how a principal can use observed outcomes to
separately detect agents’ deviations from a desired action profile, often a nearly first-best
one (see, e.g., Mookherjee, 1984; Legros and Matsushima, 1991; Legros and Matthews,

1993). Several features of our model prevent such schemes.? In this type of situation,

3Ttoh (1991) allows for a form of spillovers in a two-agent model.
“In particular, the contractible outcome (which has only finitely many possible values) is stochastically
determined by a one-dimensional team performance, and there is limited liability.
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when observability and fine-grained auditing of effort are fundamentally constrained, we
examine how optimal contracts depend on spillovers in the production function.

Some of the closest work on optimal incentives in the presence of spillovers is found in
the literature on networks. This includes, in addition to work already mentioned, papers
such as Candogan, Bimpikis, and Ozdaglar (2012), Bloch (2016), Belhaj and Deroian
(2018), Galeotti, Golub, and Goyal (2020), Gaitonde, Kleinberg, and Tardos (2020),
Shi (2022), and DeMarzo and Kaniel (2023). Our main contribution to this literature
is a study of a natural non-parametric formulation, both in terms of the production
function and the form of incentives. We show that network game techniques permit
some general characterizations of optimal contracts without the parametric assumptions
common in the network games literature. When we specialize to a canonical parametric
environment in Section 4.2, we also contrast the more specific implications of our analysis
with existing parametric networks models—of which the closest is the contemporaneous
work by Claveria-Mayol, Mildn, and Oviedo-Davila (2024) on optimal linear incentive
contracts in quadratic network games. Both our analysis and results end up being quite
different.

The problem of designing multi-agent contracts has also recently attracted attention in
a new algorithmic contract theory literature—e.g., Diitting, Ezra, Feldman, and Kessel-
heim (2023), Ezra, Feldman, and Schlesinger (2024), and Diitting, Ezra, Feldman, and
Kesselheim (2025). A starting point of this work is that many standard approaches to
finding optimal team contracts may make heavy demands on the analyst’s knowledge
of the entire production function and ability to perform computations on it. This lit-
erature studies environments with finitely many actions where combinatorial problems
create obstacles to tractable optimization and examines whether contracts can be de-
vised that achieve some fraction of optimal performance. Our approach is very different
methodologically in that actions and team performance are continuous, but the results
give a perspective—complementary to the algorithmic contract theory work—on par-
simonious ways to assess and improve on contract performance. Recent work by Zuo
(2024), which discusses the structure of optimization problems in a model closely related
to some of our special cases, shows that there are interesting computational questions

in our more continuous type of setting as well.
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2. MODEL

We first present the model and then, in Section 2.2, we comment on some issues of
interpretation.

There are n agents, N = {1,2,...,n}. The agents take real-valued actions a; > 0,
which can be interpreted as effort levels. These jointly determine a team performance,
given by a function Y : RY; — Rx¢, which we assume is twice differentiable and strictly
increasing in each of its arguments. This team performance determines the project
outcome, an element of the finite set S. The probability of the outcome s is Ps(Y),
where for any s € S, the function P;(-) is strictly positive and twice differentiable.”

There is also one principal. (When we use pronouns, we use “she” for the principal
and “he” for an agent.) The principal receives revenue v, from the outcome s.° The
principal can make payments contingent on the project outcome but not on agents’
efforts or the team performance Y. The principal commits to a non-negative payment
contingent on the outcome. If outcome s is realized, the principal pays 7;(s) to agent .
The function 7 : § — RY, is called a contract.

We consider risk-averse agents and a risk-neutral principal.” The utility to agent 4
from a monetary transfer is given by the function u; : R>g — Rsg, which is strictly
increasing, concave, and differentiable. Each agent also has a cost-of-effort function
C; : R>p — R>(, which is strictly increasing, strictly convex, and twice differentiable
in that agent’s action. The marginal cost at zero action is zero: C(0) = 0. Given the
contract T, agent ¢ chooses a; to maximize his expected payoff from transfers minus his

cost,

Uy => P, (Y(ai,a_;)) u; (r:(s)) — Cilas).

seS

5The assumption that a probability of outcome function is strictly positive is not crucial to the analysis,
but does simplify some statements.

6This should be interpreted as the principal’s valuation of that outcome realizing, gross of any payments
she will make to the agents.

"The characterization of an optimal contract and its consequences can be extended to the case of a
risk-averse principal.
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The payoff for the principal given a contract 7 and team performance Y is the expec-

tation of expected revenue minus promised transfers:

Z (vs - ZTZ<8)) P,(Y).

seS i

The timing is as follows: The principal commits to a contract 7, and then agents
simultaneously choose actions. Our solution concept for the game among the agents is
pure strategy Nash equilibrium; in the remainder of the paper, we simply use the word
equilibrium to refer to this solution.

There may be multiple equilibria under some contracts. Given a contract 7, we as-
sume that agents play an equilibrium a*(7) maximizing the principal’s expected payoff.
Under this selection, a principal’s payoff under a contract is well-defined if at least one
equilibrium exists. Among such contracts, a contract 7 is optimal if no other contract
T gives the principal a higher payoff. Implicit in this definition is the assumption that
contracts without equilibria can never be optimal.

Our analysis will not rely on the existence of an optimal contract, but the following

argument shows an optimal contract exists if we impose a bit of additional structure.

Fact 1. Suppose that the space of contracts giving the principal a non-negative payoft

is compact.® Then an optimal contract exists.

As examples, this holds if the outcome is binary or if the outcome probabilities Ps(Y')
are uniformly bounded away from zero. The proof uses a compactness argument, taking
a sequence of contracts whose payoffs converge to the supremum of attainable princi-
pal payoffs, along with their corresponding equilibria. By compactness of the contract
space and action space, we can extract convergent subsequences of both the contracts
and equilibrium actions. The limit contract achieves the supremum payoff because equi-
libria are upper-hemicontinuous in the contract and the principal’s payoff function is

continuous in both contracts and actions.

2.1. Simple success-or-failure environments. We introduce a class of simple success-

or-failure environments that will be helpful for illustrating our results.

8We exclude any contracts where no equilibrium exists from this space.
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There are two possible outcomes s € {0,1}. The revenues from these outcomes are
normalized so that v; = 1 and vy = 0. These can be interpreted as success or failure
of the project. The probability of success is P(Y'), where the function P(-) is strictly
increasing and twice differentiable.

Each agent has a quadratic cost of effort.” Agent i maximizes the expected payoff
given by the expression:

Qa

2
E.

Ui = P(Y)u; (1:(1)) + (1 = P(Y)) u; (7:(0)) —
Fact 2. In simple success-or-failure environments, it is optimal for the principal to pay
nothing at the failure outcome—that is, 7;(0) = 0 for all agents i. A contract can then

be represented by a n-dimensional vector 7 € RY,, consisting of payments in the success

outcome.

The reason is simple: agents’ incentives depend only on the difference u; (7;(1)) —
u; (1;(0)) between utility conditional on success and failure, so we can shift payments
and assume 7;(0) = 0 and u;(0) = 0. This shift can only improve the principal’s payoff,
so it is without loss of optimality in the principal’s problem. We can interpret 7;(1) as

an equity share in the project’s output.

2.1.1. Linear-quadratic production functions. Within this class of environments, we can
define an important leading example, which we will analyze in more detail after giving
our main result.

Consider linear-quadratic production functions of the form

n 1 n
(1) Y(a) = Z kl-ai + 5 Z Gijaiaj,
i=1

ij=1
where k; captures agent ¢’s standalone productivity and the symmetric matrix G with

entries G;; captures bilateral complementarities between agents’ efforts.”

9This is not substantively restrictive in that, under smoothness assumptions, a monotone transformation
can be applied to a; to achieve this form.

10This functional form is a second-order approximation to any smooth production function Y, with G
being the Hessian of Y with respect to actions at equilibrium.
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Fix a concave success probability function P(-). Then we show in the appendix
(Lemma 5) that for any fixed contract 7, there exists a unique Nash equilibrium. Fur-

thermore, the equilibrium actions a* and team performance Y* = Y (a*) solve
(2) [I — P'(Y*)TG]a* = P'(Y*)Tk,

where T is a diagonal matrix with entries T;; = u;(7;). The equilibrium structure is
reminiscent of standard models of network games with linear best responses (Ballester
et al. (2006)), but two nuances complicate the situation: non-linear success probability
P(Y), as well as the appearance of the endogenous object T' as part of the effective
spillover network T'G.

An instructive special case arises when the symmetric matrix G' has rank one: G =
pBB7 for some vector B and scalar p > 0. In this case, the production function can be

written as

(3) Y(a)= il kia; + g (i @Gz‘) ;

where 3; can be interpreted as the degree to which agent i’s effort complements others’
and p governs the overall strength of complementarities.

Both the case with general G and the rank-one case will be important for applications.

2.2. Remarks on the model. The team performance Y is real-valued, but the outcome
s is discrete. This assumption need not substantively restrict the scope of the model
since the outcome can be, for example, a revenue rounded to the nearest cent. On the
other hand, the fact that outcomes are mediated by a one-dimensional performance level
is important. We discuss in the paper’s concluding remarks the issue of extending the
analysis to outcomes determined by a higher-dimensional function of efforts.

We assume that the firm’s output is the only contractible consequence of any agent’s
effort. In other words, agents cannot be paid directly for their efforts a;. In this we follow
the literature stemming from Holmstrom (1982), which is motivated by the practical
features of contracts and the fact that a; and Y are abstractions that may not have any
measurable real-world counterpart, among other considerations.

We do not impose restrictions on the space of contracts beyond non-negativity of pay-

ments. (In particular, we allow the principal to lose money at some outcomes with the
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hope of inducing a higher action.) In practice, compensation may be restricted to partic-
ular simpler classes of contracts. For example, equity contracts award an agent the same
share of profit in every state. In many such settings, analogues of our balance condition
can be derived, as we demonstrate for the case of equity contracts in Appendix E.

We do not assume that equilibria exist under all contracts in the formulation of the
model or our analysis. For the contract that pays zero in all states, there is always an
equilibrium in which agents take zero actions; this ensures that the principal’s value is
well-defined. For other contracts, existence needs to be analyzed in the environment of
interest; for example, we show equilibria exist for all contracts in the parametric model
in Section 2.1.1.

3. OrTiMAL CONTRACTS

This section presents and interprets the characterization of optimal contracts, begin-

ning by defining its ingredients.

3.1. Key objects. We start with some notation. Fix a contract 7 and a correspond-
ing principal-optimal equilibrium a*(7). Let Y* be the team performance under this

equilibrium.

Definition (Productivity). Let VY (a*) be the gradient of Y (-) at a*, restricted to the
agents that take a strictly positive action. We define the (normalized) marginal produc-

tivity vector a as
a:=H :VY(a"),
where H is a diagonal matriz with H;; := C7(a}).

The entry «; captures the marginal effect of i’s action on team performance, rescaled
to adjust for the curvature of i’s cost function. To explain the role of H: when we analyze
how equilibrium actions vary with contract perturbations, an agent’s best response is
less sensitive to incentives when C7(a}) is larger, and H allows us to capture this effect.
Here, as in other cases, the quantities in the expression for a are evaluated at the
equilibrium a*, under a certain contract 7—but we often omit this dependence on the

equilibrium and the contract notationally for brevity.
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We turn next to centrality, which concerns how incentives propagate through the team.
We consider the Hessian matrix of the team performance function Y (-) with respect to
agent actions. Let G denote the Hessian matrix of Y restricted to agents that take a
strictly positive action in @*. Formally, for agents j and k such that a} > 0 and aj, > 0,
define

oY
gk == dagda;

Let the marginal payment utility matrix U be a diagonal matrix where
Ujj =Y PLY")u(7i(s))
seS
is the marginal change in agent j’s utility from payments when team performance in-

creases. The increase in Y changes all the probabilities of outcomes, and the agent’s

utility from these outcomes is given by u;(7;(s)), where the contract is held fixed.

Definition (Centrality). The centrality vector is defined as

—1
(4) = al [I ~HUGH 3| .

The entry ¢; can be thought of as the total effect on team performance induced by a
marginal change in agent ¢’s incentive to increase a;. This effect is inclusive of spillovers
on others’ incentives through strategic interactions. Centrality is well-defined when the
inverse in the formula exists, which will be ensured under the conditions of our results.

Productivity and centrality take simpler forms in simple success-or-failure environ-

ments. In that case, the matrix H is equal to the identity matrix I because the cost of

each agent’s action is %af. So
Y _
(5) @ =7 and ¢ =a'[I-PY)TG] ™",
a;
where T' = diag(u1(71), - .., un(7,)). If we further specialize to the rank-one setting of

Section 2.1.1, then the Hessian matrix is G = pBB3" and marginal productivities are

oY
8@2-

Q;
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where .
¥ =0"a" = Z[J’ja;‘
j=1
is the organizational capital at equilibrium.

3.2. Balance condition across agents. In this section, we present our main result: a
balance condition across agents at each outcome realization.
We will state a necessary condition for an optimal contract 7* under the following

assumption, which will be maintained from now on.

Assumption 1. A differentiable selection a*(T) from the equilibrium correspondence

can be defined in a neighborhood of T*.

This assumption stipulates that equilibrium varies differentiably as we slightly perturb
the contract in a neighborhood of the optimum. Appendix B gives sufficient conditions
for the applicability of the first-order approach, including explicit ones on the primi-
tives that extend those familiar from single agent problems (Rogerson, 1985). (See also
Section 4 for specific production functions Y (a) under which the first-order approach
applies.) The one-dimensional aggregator Y (a) plays a crucial role here. Whereas in
general providing sufficient conditions for the first-order approach in arbitrary multi-
agent settings is quite challenging, in our framework it is much more tractable.

The following result characterizes optimal contracts.

Theorem 1. Suppose T* is an optimal contract and Y™ is the induced team performance.
There exist constants \s such that for any agent i receiving a positive payment under an

outcome s, we have

(BC) el (T (s)) = As.

Py(Y™)

Moreover, the outcome-dependent constants \g satisfy Ag Py

This result says that optimal incentives require balance to hold, with the product on
the left being equal across agents. More informally, the balance condition (BC) states

that under an outcome s,

productivity, - centrality,; - marginal utility, = constant
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for all agents paid when that outcome occurs. Below, we will give more intuition for
why this is a necessary condition.
In simple success-or-failure environments with all agents having utility function w;(7) =

7, we obtain a simpler statement: there exists a constant A\ such that
;C; = /\

for all agents ¢ receiving positive payments conditional on success. Recall that in this
case «; and ¢; take the simpler forms given in (5).

We note that the proof does not rely on the induced team performance Y* being
optimal. The balance condition at the optimal contract would hold if the principal
instead wanted to implement any desired level of performance with minimal (expected)
transfers to agents. Solving for the minimal payments implementing a given outcome
distribution and then optimizing over outcome distributions is a standard approach in
single-agent settings (e.g., Grossman and Hart (1983)). With multiple agents, the first
step also involves allocating incentives across agents.

The key to the proof, formalized in the following lemma, is calculating the effect on
team performance of increasing an agent’s payment under a given outcome. Assump-

tion 1 ensures that these perturbations are well-defined.

Lemma 1. Suppose T* is an optimal contract with corresponding equilibrium actions a*
and team performance Y*. Consider any agent i receiving a positive payment at some
outcome. For any outcome s, the derivative of team performance in 7;(s), evaluated at
T, 18
ay
an(s) P (Y ") aiciui(7](s)),

where [ is independent of © and s.

A complete proof for the result above is provided in Appendix A. We provide some

intuition for the various terms in the expression in the lemma.

Intuition for the proof: The lemma characterizes the effect on team performance of
increasing the transfer to agent ¢ under outcome s. We can decompose this effect as the

product of:
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(i) a factor P/(Y™*)a; capturing the sensitivity of the probability of the outcome s to
1’s effort;
(i) a factor w)(7;(s)) capturing the direct effect of increasing 7;(s) on i’s utility at
outcome s;
(iii) a term ¢; capturing the spillovers from changing i’s incentive to exert effort;

(iv) the constant [, which depends on the curvature of the probability P,(Y).

We focus on the first three factors and defer treatment of the fourth term, which is
not central in the basic intuition, to the formal proof in the appendix.

The first two factors, (i) and (ii), measure the principal’s ability to directly incentivize
agent ¢ by rewarding that agent when outcome s is realized. The change in agent 7’s
marginal utility of action as 7;(s) increases slightly is the product of (a) the marginal
effect P/(Y*) of team performance on the probability of outcome s; (b) the effect % of
i’s action on team performance; and (c) the marginal utility u}(7;(s)) of money under
outcome s. To obtain agent i’s direct response to a stronger incentive, we adjust for the
curvature C?(a?) of the cost (recall \/C7(a) is the denominator of a;). The curvature of
the agent’s cost plays a role similar to that of u}: they reflect how steeply his first-order
condition responds to payments and the induced changes in effort.

Multiplying by term (iii), the centrality c¢;, translates from this direct effect on i’s
action to the overall change in equilibrium team performance. This effect is at the heart
of our use of network theory; a detailed intuition for this appears in Section 3.2.1 just

below.

First, though, we sketch why Lemma 1 implies Theorem 1. (A formal proof is provided
in Appendix A.) We want to show that the balance condition

aiciug(Ti(s)) = ajcju;‘(Tj(S))a

must hold under an optimal contract. Suppose that the principal would benefit from a
slightly higher team performance (the case in which the principal prefers a slightly lower
team performance proceeds analogously). Lemma 1 shows that the change in team
performance from increasing agent ¢’s payment under outcome s is equal to a;c;us(7;(s))

times terms independent of 7, and similarly for agent j. If we had

aiciug(15(8)) > ajeiui(Ti(s)),
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it would be profitable for the principal to pay agent ¢ slightly more and agent j slightly
less under outcome s. The same argument holds in the opposite direction, so the balance

condition is necessary for the contract to be optimal.

3.2.1. What centrality captures. This section gives an intuition for the role of network
centrality in our characterization, and the details of how network centrality is applied in
our setting. For simplicity, we focus on the simple success-or-failure case, with H = I
(which is essentially a normalization).

When the spectral radius of P'(Y)T'G is less than 1, we can write

Z(P’(Y)Ta)f] .

Economically, the powers capture the effects of the initial increase in i’s action (¢ = 0),

cT:aT

the resulting changes in each agent’s best response (¢ = 1), the further changes in best
responses induced by these, etc. The matrix of strategic interdependencies involved is
M = P(Y)TG. Its entries describe how j’s increased effort spills over to affect i’s
marginal incentives, accounting for technological complementarities and contracts. The
form of spillovers makes sense: the direct dependence of ¢’s best response on j’s action
is proportional to P’(Y)—the sensitivity of success probability to team performance Y
u; (7;) — agent ¢’s utility conditional on success; and to the complementarity of ¢ with j.
Unlike in standard models of network games with linear best-responses, the matrix M
of strategic interdependencies, and therefore the resulting centrality measure, depend
endogenously on the contract and equilibrium.

In terms of graph statistics, entry (i, 5) of the £** term of the bracketed matrix counts
walks of length ¢ from 7 to j in the network of spillovers, with each step in the walk from
a node 7' to a node j’ contributing a factor M;; to the weight of a walk.'! To compute
centralities, the entries of the matrix in brackets are then multiplied by productivities
«;: an agent j is more central if the ripple effects of motivating j increase the incentives

of more productive agents.

1See Ballester et al. (2006) and Bloch, Jackson, and Tebaldi (2023) for more on these centrality
measures.
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3.2.2. Further comments on the result and the modeling behind it. As our discussion
makes clear, Theorem 1 essentially follows from a decomposition of the terms in the
first-order conditions for contract optimality. One contribution of our work, as we have
already mentioned, is formulating a framework in which the first-order approach is valid
under conditions that extend those justifying the first-order approach from single-agent
contracts (Appendix B).

Another contribution is formulating the framework so that these conditions coming
from the first-order approach are interpretable and clearly connected to intuitions from
other parts of game theory. In particular, if we simply differentiate i’s incentives in
j’s actions, second derivatives of P(Y') show up. But such terms do not appear in our
definition of centrality. In the proof of our main result, we show that changing the second
derivative P”(Y™) rescales all relevant spillover expressions by a common factor, and so
second derivative terms can be ignored when checking whether redistributing incentives
between agents is profitable. This simplification relies crucially on the model feature
that agents’ actions contribute to production via one-dimensional team performance Y.

We see a substantial part of our contribution as the setup required to obtain these
foundations and simplifications. In the remaining sections of the paper, we build on
the insights from the implicit characterization and derive explicit connections between
economic primitives and optimal contracts when the production function takes various

functional forms.

3.3. Comparisons across agents and outcomes. Before turning to these more ap-
plied consequences of Theorem 1, we give several basic corollaries describing how in-
centives are distributed across agents and across outcomes. We first give conditions
implying an ordinal ranking of payments to agents that does not depend on the particu-
lar outcome. We then provide a multi-agent version of a result from Holmstrém (1979)

on the optimal allocation of payments across outcomes rather than agents.

3.3.1. Ranking agents. Agents can be ranked in terms of payments at the optimal con-
tract. To see this, we establish a relationship between the marginal utilities of agents.
An implication of Theorem 1 is that the ratio between any two agents’ marginal utilities

is the same at every outcome such that both receive positive transfers.
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Corollary 1. Consider an optimal contract 7. Let S}; be the set of outcomes at which

agents i and j both receive a positive payment. For any outcome s € S, we have

137
ui(77(s)) e

! *

uj(Tj (5))  auc

Intuitively, since outcome probabilities are determined by a joint team performance,
agents’ incentives should vary across outcomes in similar ways. The corollary formalizes
this intuition in terms of marginal utilities in each outcome.'? The expression resembles
Borch’s rule from the theory of optimal insurance (Borch, 1962), with each agent’s prod-
uct of productivity and centrality replacing his Pareto weight; marginal utility appears
as a measure of responsiveness to incentives rather than as the principal’s objective.

The corollary only applies when the set of outcomes at which agents ¢ and j both
receive a payment is non-empty. Determining when an agent is paid at a given outcome
can be complicated in general, but it is easy to construct settings where the corollary
applies. In Appendix D, for example, we give a class of environments in which an Inada
condition guarantees that all agents are paid at all outcomes where P!(Y*) > 0 (and no
other outcomes).

When agents have identical utility functions, agents can be ranked so that an optimal

contract provides stronger incentives to more highly ranked agents.

Proposition 1. Suppose that T* is an optimal contract. If a pair of agents i and j have

identical strictly concave utility functions u;(-) = u;(+), then

7(8) > 7;(s) for all s € S or 7;(s) > 7/(s) for all s € S

2

(or both).

The intuition is simple: for two agents that derive the same value from a monetary
transfer, the agent with a greater overall effect on team performance at the optimal
contract must be receiving a higher payment.

When all agents have an identical utility function, the optimal contract induces a
complete ranking on the agents. The relative magnitude of payments across agents
12This contrasts with a literature on optimal compensation when the observed outcome can be used to

identify individuals who deviated from a desired level of effort (e.g., Holmstrom (1982) and Legros and
Matthews (1993)).
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depends on the environment. This becomes evident in the parametric example discussed

further in Section 4.2.

3.3.2. Allocation across outcomes. A second implication of the main balance result is a

relationship between a single agent’s marginal utility across outcomes.

Corollary 2. Suppose T* is an optimal contract and Y ™* is the induced team performance.

If agent v receives positive payments under outcomes sy and So, then

W(ri(s)) | Pu(Y?) PL(YY)

i

u(ri(s2))  PLY") Py(Y™)

i

The corollary states that the marginal utility under each outcome is proportional to
the probability of that outcome divided by the marginal change in that probability as
team performance increases. That is, agents are paid more in outcomes that are less
likely and more responsive to team performance. This result generalizes a result in
the single-agent setting of Holmstrom (1979) concerning how a single agent’s payments
should be allocated across outcomes.

A straightforward application of Corollary 2 characterizes the set of outcomes at which
an agent receives a positive payment. If an agent receives a positive payment at some
outcome, the outcomes at which he receives a positive payment must all either have a
positive marginal probability at equilibrium team performance, or a negative marginal
probability. When the team performance function Y'(+) is strictly increasing in each of
its arguments, the outcomes at which an agent receives a positive payment all have a
positive marginal probability at equilibrium team performance. (This is formalized as
Lemma 3 in the Appendix).

In the special case that an agent is risk-neutral, the corollary has a stronger impli-
cation: agents are only paid under the outcome(s) maximizing P/(Y™*)/Ps(Y). It is
straightforward to construct functions Ps(Y') where there can only be one such outcome.
Risk neutrality removes the principal’s motives to diversify payments across outcomes,

so compensation can be concentrated in the outcome providing the most incentive power.
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4. IMPLICATIONS: WHOM TO INCENTIVIZE IN TEAMS?

The balance condition in Theorem 1 characterizes optimal contracts implicitly. We
now derive explicit solutions and comparative statics in two tractable settings that il-
luminate how exogenous parameters determine the balance condition and the resulting
contracts.

First, we study a setting in which agents differ in their intrinsic capacities for pro-
ductivity and complementarity. A single complementarity parameter governs network
interactions with all agents, yielding a rank-one network. This exercise allows us to
examine which of these exogenous traits should primarily drive compensation.

A second application focuses on better understanding centrality in general networks.
By turning off differences in standalone productivity, we can explicitly characterize how
a heterogeneous network shapes agents’ centralities at the optimal contract. We find
some interesting non-monotonicities that sharply distinguish our theory from standard
network models. This illustrates both the importance and the subtlety of the fact that
centralities are evaluated at endogenously determined responses to optimal contracts,

rather than in an exogenous network.

4.1. Rank-one networks: Standalone productivity versus complementarity.
We return to the rank-one, linear-quadratic setting of Section 2.1.1. This setting allows
heterogeneity in both standalone productivities k; and complementarity parameters f;,
while maintaining tractability through the rank-one structure of the Hessian G = pB3".
Throughout this section, we maintain the assumption that the parameters satisfy the
bounds k; € [k, k] for some k& > k > 0 and j3; € [ﬁ,ﬁ] for some 8 > 8> 0.

4.1.1. Characterization of optimal contracts. Consider any contract 7 with correspond-

ing equilibrium actions a* and team performance Y*. Define the spillover matrix
S:=pP'(Y")TBE",

where T' = diag(uy(71), ..., un(7,)) collects utilities from the success payments (with
7; = 7i(1), recalling Fact 2). The spectral radius x(S) of this matrix determines whether

productivity or complementarity governs optimal pay.
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A key result, which follows from our general balance condition, characterizes optimal

contracts in terms of a quadratic form in the primitive parameters.

Lemma 2. Consider any optimal contract T* in the rank-one setting of Section 2.1.1.

There exist constants By > 0 and By > 0 such that for all agents i receiving positive

bay,
u; (177) o (kzz + BikiBi + 32@2)71

This lemma shows that optimal pay depends on a quadratic form in the agent’s produc-
tivity k; and complementarity 3;. The coefficients B; and By depend on the equilibrium
and determine the relative importance of productivity versus complementarity in setting

compensation.

4.1.2. Spillover regimes. The following theorem establishes that the strength of spillovers

determines which characteristic—productivity or complementarity—dominates optimal

pay.

Theorem 2. In the rank-one setting of Section 2.1.1, consider a sequence of environ-

(m)

ments with optimal contracts T and spillover matrices 8™ having spectral radius

™ . For any pair of agents i andj that receive positive pay,

/ k2
(i) If u™ — 0, then lim —=- = ’(T’ ) .
u—0 /<T(m) ]f
y 2
o m) 2
(i) If (™ — 1, then lim ’(T’( ) ﬂé.
p—l u;(T]m) 5;

The theorem establishes a sharp dichotomy. When spillovers are weak (low u), the
propagation of incentives across agents is limited, so pay primarily reflects direct produc-
tivity k;. When spillovers are strong (high x), the network of complementarities dom-
inates, and an agent’s position in the interaction structure—captured by ;—becomes
the primary determinant of compensation.

Beyond delineating these regimes, Theorem 2 reveals that heterogeneity in produc-
tivity or complementarity is, in a sense, magnified under optimal contracts: the ratio of
marginal utilities depends on the square of the ratio of the relevant parameters. This is

a consequence of dividing the proceeds of a single joint output Y.
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The characterization in Lemma 2 suggests a regression specification for studying com-
pensation in teams. If k; and ; can be measured (or proxied), then optimal pay should
depend on a quadratic form in these variables. Theorem 2 further predicts that the
relative weights should vary systematically with the strength of complementarities: in
industries or teams with stronger spillovers, the 8 terms should receive more weight.

We provide a numerical example to illustrate how the optimal contract’s behavior de-
pends on the strength of spillovers, as described above. This effect is particularly relevant
in environments where the team includes members with high standalone productivities
and weak complementarities.

We define a team of four agents, partitioned evenly into two groups 7; and 75. Agents
in group 77 have productivity £ = 0.3 and complementarity 5 = 0.15, whereas agents in
group 7> have productivity £ = 0.15 and complementarity 5 = 0.3. So the first group
is more individually productive than the other but has weaker complementarities. The

probability of success is an exponential function:
PY)=1—¢Y forallY >0,

Each agent obtains utility u,(7;) = \/7; from a transfer 7;.

Figure 1(a) plots the spectral radius of the spillover matrix induced by the optimal
contract as p varies. By symmetry, the two agents in a group 7; receive identical pay
under an optimal contract. Figure 1(b) illustrates how the ratio of payments to agents
in 77 relative to those in 75 varies with p.

As depicted in Figure 1(b), when p is close to 0, cross-sectional variation in pay
is driven primarily by differences in agent productivities: agents in 7 receive approxi-
mately sixteen times the payment of agents in 75. For intermediate values of p, payments
at the optimal contract are approximately equal across agents. For large values of p, it

is optimal to pay agents in 75 much more than agents in 7;.

4.1.3. The importance of spillovers in contract design. The preceding analysis describes
how the structure of an optimal contract changes with spillovers. To underscore the
importance of accounting for spillovers, we now compare the principal’s profits under

the optimal contract to profits under a misspecified contract neglecting spillovers.
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(A) Spectral radius of the spillover matrix (B) Ratio of payments

FIGURE 1. Panel (a) displays the spectral radius of the spillover matrix
as p varies over the range [0, 10]. Panel (b) reports the ratio of payments
to agents in group 77 relative to those in group 75 at the optimal contract
as a function of p.

Formally, the misspecified contract is the optimal contract if p = 0 (and all other pa-
rameters are unchanged). This misspecified contract equalizes kZul(7]") across agents. In

contrast, as established in Lemma 2, the correctly-specified optimal contract 7* equalizes
(k7 + Bikif3; + B2 f37) ui(7))

across agents for some constants B; > 0 and By > 0. Comparing profits across these
contracts therefore isolates the cost to the principal of ignoring spillover effects.

We perform this comparison in the setting of the numerical example in the preceding
section with global complementarity parameter p = 3. We modify the probability of

success to be an exponential function
PY)=1—¢" foralY >0

with a flexible parameter £ > 0 (which was set to 1 in the previous example).
Figure 2 depicts the ratio of profits at an optimal contract 7* to profits at the bench-

mark contract 7"

. The optimal contract significantly outperforms the benchmark as
long as failures are not too rare. The gap grows very large when the probability of

success becomes a steeper function of team performance (large k).
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FIGURE 2. The ratio of profits at an optimal contract and profits at a
benchmark contract which ignores spillovers. The red dashed line indicates
a ratio of 1.

4.2. General networks. The rank-one setting in Section 4.1 allowed rich individual
heterogeneity but restricted the complementarity structure. Ideally, we would have a
similar level of insight into how the endogenous moving parts of our balance condition
depend on primitives with arbitrary network structures G. Unfortunately, we do not
know how to obtain explicit characterizations in the linear-quadratic setting with general
networks and heterogeneous standalone productivities.

Considerable insight can be gained, however, from a natural special case. Staying
within the linear-quadratic success-or-failure setting of Section 2.1.1, we make all stan-
dalone productivities equal and assume risk-neutrality, i.e. u;(7;) = 7;, for all agents.
This setting, with an arbitrary G, will let us get some traction on how network structure
alone shapes optimal contracts.

Consider any contract 7 with corresponding equilibrium actions a*. At equilibrium,
an agent ¢ chooses a positive action if 7; > 0 and an action of zero otherwise. An agent
is said to be active under a given contract T if he receives a positive payment 7; > 0 and
inactive otherwise.'> We will focus on characterizing the optimal allocation of shares

among active agents. The balance condition then states that a;c; is constant across all

13The extensive margin leads to a rich set of questions—which agents are active at an optimal contract.
We leave these questions for future work.
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of these agents. We now characterize their optimal contract payments and equilibrium

actions.

Proposition 2. In the setting of this section, suppose T* is an optimal contract and
a* and Y* are the induced equilibrium actions and team performance, respectively. The
following properties are satisfied:
(a) For any two active agents i and j, we have oy = a; and ¢; = ¢;.
(b) Balanced neighborhood actions: There is a constant X' > 0 such that for all active
agents i, we have (Ga*); = X.
(¢) Balanced neighborhood equity: There is a constant X > 0 such that for all active

agents i, we have (GT*); = .

The result states that all active agents have equal marginal productivities and equal
centralities.

The property of balanced neighborhood actions states that for each active agent ¢,
the sum of actions of neighbors of i, weighted by the strength of i’s connections to those
neighbors in G, is equal to the same number, \'. Similarly, the property of balanced
neighborhood equity says that for each active agent i, the sum ) ; G;7; of shares given
to neighbors of i, weighted by the strength of i’s connections to those neighbors in G,
is equal to the same number (i.e., is not dependent on ).

Why must neighborhood action balance hold? Intuitively, if balance failed and an
agent ¢ had strong links and neighbors taking high actions, it would be profitable to
reallocate incentives from other agents to i. (This relies on equal standalone productiv-
ities and did not need to hold in Section 4.1.) One implication of this balance is that
differences in the exogenous complementarity structure are attenuated by the principal’s
optimization. If an agent 7 has stronger links G;;, then to satisfy balanced neighborhood
actions, i.e. holding > i Gi;a; constant, i’s neighbors must take lower actions. This
“balancing” force diminishes the complementarities that ¢ experiences. So, while the
example here has a lot of structure—and, in particular, the equality of standalone pro-
ductivity plays an important role—it cleanly makes the point that comparative statics
as we vary “complementarity parameters” in general networks are subtle.

In fact, the structure of this setting permits an explicit solution for optimal equity

shares and the associated equilibrium actions, which allows us to explore these subtleties
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more precisely. Assume the relevant adjacency matrix G is invertible, which holds for
generic weighted networks. At an optimal solution, the payments and actions of active
agent ¢ satisfy

T o <C~v"11) :

1

where G is the subnetwork of active agents for that payment allocation. This follows
immediately from the balance conditions in Proposition 2. Thus, the sum of row ¢ in
G~ is an index characterizing ¢’s compensation and equilibrium action. Thanks to
this explicit description, we can see that these outcomes behave quite differently from
standard measures of centrality such as Katz—Bonacich centrality. In particular, unlike
the case with such standard measures, increasing the strength of an agent’s links in G

need not increase the compensation index, as we illustrate in the next section.

4.2.1. Comparative statics. In this section, we explore how the optimal contract, as well
as the agents’ and principal’s payoffs, vary with the technology of production. The
simple form of the team performance function Y in our environment, as well as the
explicit characterization of incentives and outcomes, facilitate this exercise. The results
demonstrate some interesting tensions between the principal’s and the agents’ interests.

We look at how the principal’s and agents’ payoffs vary as the network changes.
Proposition 3. The principal’s payoff is weakly increasing in the edge weight G;; = Gj;.

The principal obtains weakly higher profits from an increase in edge weights. However,
it need not be the case that agents prefer such a perturbation. We will illustrate this
through a network on three agents (see Figure 3).

Without loss of generality, we can assume G5 > (13 > (a3 and choose the normal-

ization G5 = 1, so that the adjacency matrix is

0 1 Gy
G = 1 0 G23
Gis Gz 0

Figure 4 shows the optimal payments and the corresponding equilibrium payoffs as
we vary the link weight Gs,3, under parameter values specified in the caption. Fig-

ure 4(a) depicts optimal payments to each agent as a function of Gy3. The payment
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G12 G13

Goas

FIGURE 3. Three agent weighted graph with weights G12, G13, and Gos.

is non-monotonic in own links: once payments are nonconstant in the strength of that
link, increasing (»3 initially decreases agent 2’s payment. The numerical example also
illustrates a corresponding non-monotonicity in payoffs: strengthening one of an agent’s
links can decrease his equilibrium payoff under the optimal contract. Figure 4(b) depicts
the equilibrium payoffs under optimal payments as a function of Gy3. Strengthening the
link between agents 2 and 3 can decrease the resulting payoffs for agents 1 and 2.

To give some intuition, observe that we are strengthening a link Go3 between two
agents with a common neighbor 1. When we do so, we may want to increase incentives
to one of these neighbors. It turns out this agent is 3, who is now connected enough
to include in the team. But the balanced neighborhood equity condition requires that
as we increase 73, we must keep the total equity G270 + G373 of 1’s neighbors equal
to the total equity in other neighborhoods. So to allocate more shares to agent 3 while
maintaining the balance condition, the principal must either take shares away from agent
2 or give out substantially more shares to agents. The example demonstrates that the
principal can prefer the former to the latter. More generally, we expect such a force to
push toward non-monotonicities when we strengthen a link between two agents with one
or more common neighbors (though there can be other countervailing forces).

This finding contrasts with an intuition that one might have from the network games
literature, that agents are better off from becoming more central. Under fixed payments,
all agents’ payoffs are monotone in the network. In the present setting, however, agent
2 can benefit from weakening one of his links. There is therefore a tension between
the network formation incentives of the principal and the agents. Agents may not be
willing to form links that would benefit the principal or the team as a whole, even if link

formation has no technological cost.



28

KRISHNA DASARATHA, BENJAMIN GOLUB, AND ANANT SHAH

Optimal payments
o
Y o
o N

54

0.05

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
GQB

(A) Optimal payments

0.04

0.035 - uz
ki ~ u3
-~
Bl -~

003 00000 IR e e e

0.025

0.02

Optimal payoff

0.015

0.01

0.005

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

G?B
(B) Payoffs under optimal payments

FIGURE 4. The optimal payments and resulting equilibrium payoffs as a
function of the weight Gas. Here Gi3 = 0.8 while P(Y) = min{0.5Y,1}
(this could be replaced by a smooth, strictly concave P without affecting
the results.). In both diagrams, the curve corresponding to agent 1 is the
topmost (solid blue) one; the curve corresponding to agent 2 is the second
from the top (dashed red); and the curve corresponding to agent 3 is the
lowest (dotted orange) one.
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5. CONTRACT DESIGN UNDER MEASUREMENT ERROR

Our analysis until now has assumed the principal knows the production function
Y (a). In this section we ask the following question: when can the principal improve on
a given contract using only an imperfect measurement of a team’s network structure?
More concretely: the principal can check our balance condition based on the observed
network of spillovers. Suppose that this suggests shifting incentives from one agent j
to another agent ¢ would be beneficial. Will this shift actually increase the principal’s
payoff under the true network?

To ask this question we assume that the principal faces measurement error only in
observing the network. In particular, we abstract away from more standard questions
about measuring productivities. We see this as a first step, and a more complete analysis
of the other econometric issues involved is a natural direction.

We continue to work in the setting of Section 2.1.1 with risk-neutral agents, so pro-

duction is linear-quadratic:

Y(a) = i kl-ai + % i Gijaiaj.
=1

ij=1
Suppose a principal observes productivities «, the derivative P'(Y*), and an imper-

fect measurement G’ of G. Furthermore, suppose the principal naively calculates the

centrality vector taking the measured network G’ as if it were the true one:
c=a'(I-PYHTG)™"

Suppose that under this calculation,

(6) ic; — a;d; > €

for some ¢ > 0. We ask when the principal can guarantee that the analogous statement

holds for the quantities derived from the true network, i.e.,
a;c; — ac; > 0.

This inequality implies that marginally increasing 7; and decreasing 7; will indeed in-

crease revenue.
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The measurement of the network clearly needs to have enough precision, i.e., the
difference between G and G’ should be small in some sense. Our (standard) measure
of this difference will be the spectral norm |G — G'||s. Our question then becomes: is
the principal safe in taking the approximation at face value if this difference is small?
Though the answer turns out to be no in general, this does hold if the spillovers between

agents are not very large, as we now discuss.

Bounded spillovers: Suppose that | TG||2P'(Y*) < r for some fixed constant r < 1.
Then a small change in G can have only a limited effect on centralities: if ||G—G'||2 < 6,
then the difference ||(I — P'(Y*)TG)™' — (I — P'(Y*)TG’')™!||2 is at most

5P'(0)
1—r)(1—r—0P(0)

When ¢ is small, so is this difference. This in turn implies that

Gy — Qcy > 0.
We provide a formal statement and explicit bound in the appendix.

When spillovers are very large, however, productivities and centralities can be very
sensitive to small perturbations of the network. In this case, a violation of the balance
condition based on the observed network need not give a profitable deviation for the

principal.

Example 2. As an example, which we formalize in the appendix, suppose the network
consists of four agents with two non-zero links G152 and G34 and all agents receive the
same payment 7. If P'(Y*)Gio7 and P'(Y*)Gs47 are both close to one, there is a large
benefit to paying the agents with the stronger link more. If G5 > G54 but, due to a

small mismeasurement, G, < G%,, then we can have
/ /
arc; K ageg but agep > ases.

So the effects of transferring bonuses between agents may be very sensitive to mismea-

surement.

The key issue in the example is that the principal must decide how to allocate incen-

tives between two disconnected sub-teams. Spillovers in each of these teams are strong,
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so a small error in measuring the network within a team can be amplified substantially.
This makes identifying which subteam is more responsive to incentives important, but
measurement error may make it impossible. We can rule out this situation with a stan-
dard assumption ensuring the network cannot be partitioned into two subteams with

only very weak connections between them.

Bounded Spectral Gap: Suppose that the spectral gap (i.e., the difference between
the absolute values of the largest and second-largest eigenvalues) of T'G is bounded
below by some positive constant. (This is a standard measure of segregation—see, e.g.,
von Luxburg (2007) and Golub and Jackson (2012).) Then the principal can adapt the
balance condition to ensure violations guarantee profitable changes in contract as long
as the measurement error |G — G'||2 is not too large. We leave technical conditions to
the appendix but briefly describe the approach here.

The key idea is that the principal decomposes G’ into a leading principal component

and an orthogonal residual component:
G=L+R.

The apparent value of reallocating incentives from agent i to agent j, as in (6), can
now be calculated as the sum of two parts: (i) the contribution to this based on the
leading component of the network and (ii) the contribution from the residual part of
the network, which captures the group structure of the network. The argument shows
that (i) can be very sensitive to mismeasurement, but that mismeasurement will only
affect its magnitude and not its sign. Balance condition (ii) is not very sensitive to
mismeasurement because the spectral gap is not too small, which ensures the spillovers

in the residual components are bounded.

The quantitative bounds we give in the appendix show that when the apparent dif-
ference (6) is large, the measurement error |G — G’||2 can be reasonably large as well
without misleading the principal.'*

To summarize, the principal can guarantee improvements from noisy measurements of
the network when spillovers are not too large. Outside of this case, the main challenge is

MFor more on noisy measurement of spillover networks and its relation to optimal interventions, see
Galeotti et al. (2025).
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allocating incentives between separate and highly productive teams. When the network
is sufficiently connected we can often provide guarantees even when spillovers can be

arbitrarily large.

6. STANDARD PRODUCTION FUNCTIONS

The balance condition applies beyond network games. We briefly illustrate with two
standard production functions where complementarities operate at the team level rather
than through bilateral network links. We show that our framework yields simple char-
acterizations of optimal contracts in these classical settings as well and that these char-
acterizations have implications for the amount of pay dispersion in teams.

We derive optimal contracts for Cobb-Douglas and constant elasticity of substitution
production functions. The solutions describe how much incentives should be concen-
trated on more productive agents, and our main finding is that the optimal contract
exhibits more unequal compensation when agents are more substitutable.

We work again in the simple success-or-failure environment with risk-neutral agents.

For Cobb-Douglas production, team performance is

Y(a) =[],

where the factor shares v; can differ across agents. For constant elasticity of substitution

(CES) production, team performance is

n /P
Y(a) = (Z %‘aip>

for a non-zero p. The parameter x captures returns to scale and the factor shares v; can

again differ across agents. Finally, the elasticity of substitution between agents’ efforts
is 1i—p.
We will characterize optimal contracts when the first-order approach is valid, and can

establish necessary conditions for this:

Fact 3. Assumption 1 holds if P(-) is concave and:

15The assumption that all agents have the same quadratic effort cost Ci(a;) = a?/2 is not essential:
it is straightforward to extend the subsequent analysis to heterogeneous quadratic costs by rescaling
actions.
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(i) For Cobb-Douglas, 7; < 1 for all ¢ and )", v < 2,
(ii) For CES, p <1 and € (0,1].

One can directly characterize the optimal contract by applying Theorem 1 (see Zuo
(2024), which solves a closely related example in the Cobb-Douglas case). We take an
alternate approach of transforming our problem to a simpler one and then applying
Theorem 1.

For Cobb-Douglas, consider an equivalent transformed problem in which we replace
Y with ¥ = log(Y) and P(Y) with P(Y) = P(exp(Y)). The problem is now separable:

V(a) =Y wlog(an)

For CES, consider a transformed problem in which we replace Y with Y = %Yﬁ and
P(Y) with P(Y) = P((pY)»). Analogous to Cobb-Douglas, the problem is separable:

(7) V(a) = %Z .

These transformations do not change the optimal contract or the corresponding equi-
librium actions. But because the transformed problems have additively separable team
performances, we can now easily calculate agents’ productivities and centralities.

This lets us obtain the following characterizations of optimal contracts:

Proposition 4. In the setting of this section, suppose Assumption 1 holds.

(a) For Cobb-Douglas production, the optimal payments T} are proportional to ;.
1

(b) For CES production, the non-zero optimal payments'® 7 are proportional to ’yit”.

The Cobb-Douglas solution is intuitive: the principal pays more to agents with higher
factor shares. Turning to CES, we see that pay dispersion under the optimal contract
depends on the elasticity of substitution 1+p' When this elasticity is high, so agents’
efforts are highly substitutable, the optimal contract pays agents with higher factor
shares much more. Conversely when the elasticity of substitution is low, so agents’

efforts are highly complementary, there is little pay dispersion.

161f p = 1, then only agents with maximal ~; receive positive transfers.
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Several limiting cases of the CES result are illustrative. In the limit as p — —oo, the
production function converges to the Leontief production function Y (a) = min(a;). In
this case, it is optimal to pay all agents equally because inducing one agent to take a
higher action than others does not improve team performance. In the limit as p — 0,
the production function approaches Cobb—Douglas, where output is quite responsive to
each agent’s own effort, and contributes to transformed output in proportion to ;. Then
compensation turns out to be linear in 7; as in part (i) of the proposition. Finally, note
that for any p, the relative compensation of agents does not depend on the returns to
scale k, but the total amount paid to agents when the project succeeds (and thus the
absolute payments to individual agents) do depend on .

The Cobb-Douglas and CES cases show that the balance condition provides explicit
characterizations of optimal incentives for production functions that have been difficult
to analyze in the network games literature. A key point is that because we assume
outcomes in our model depend on a one-dimensional team performance (via functions
P,(Y) that can be quite general), we can apply monotone transformations that simplify

the relevant spillovers between agents.

7. CONCLUDING DISCUSSION

We have studied an incentive design problem for a team whose members contribute
via unobserved effort. We investigate how optimal contracts depend on the team’s
production function. Our main result is a necessary condition for contract optimality.
We show that optimal contracts must satisfy a balance condition across agents receiving
positive incentive pay.

In applications, our analysis offers a new perspective on compensation design that
comes from focusing on spillovers. The overall theme is understanding the role both of
standalone capabilities and collaboration, and when these can be measured and used to
improve contracts. The exercises we have presented in these directions are illustrative
and we hope they will inspire further work to cover them more comprehensively.

Overall, we see the main contribution of this paper as a new framework for studying
incentive issues with spillovers. We close with a few remarks on main features of this

model and potentially important variations on them.
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7.1. Participation constraints. The setting we have presented has no formal outside
options; instead of participation constraints, it uses the constraint of limited liability to
make the contracting problem nontrivial.

Nevertheless, one could take the same model of production to a setting with stan-
dard participation constraints, where some participation constraints would bind at the
principal’s optimum. The analogue of Assumption 1 would have to be made, not for
all perturbations, but in a constrained space of contract perturbations where these con-
straints continue to be respected (as in Appendix B.2). Moreover, the balance condition
would need to be augmented with agent-specific Lagrange multipliers on the binding
constraints. If one agent works harder, this relaxes or tightens the constraints for other
agents, and the balance condition would involve the multipliers on the constraints to

account for these spillovers. We leave a full treatment of this case to future work.

7.2. Other objectives. While we have focused on a standard principal concerned with
maximizing profits, the analysis of how contract perturbations affect team performance
is equally relevant for understanding other natural principal objectives. For example, the
objective could be maximizing a (weighted) sum of workers’ utilities. The key insight
is that, under suitable conditions, the first-order conditions of such an optimization
problems involve only the local comparative statics of the equilibrium, and the incentive

spillover forces we discuss would be equally relevant.

7.3. The role of a one-dimensional outcome. An important simplifying assumption
throughout the analysis is that actions influence outcomes only via a one-dimensional
team performance Y (a). Moving beyond this assumption to settings where probabilities
of outcomes depend in an arbitrary way on the full action profile is a natural direction.
Though a first-order approach may continue to be fruitful, establishing conditions for
its validity is likely challenging. Subject to that, we expect that generalizations of our
balance conditions would hold. However, the outcome distribution may now provide
more fine-grained information about an agent’s effort, and the principal will use this
information to design optimal incentives (as in, e.g., Holmstrom (1982) and Legros and
Matthews (1993)). The generalized balance conditions must incorporate this along with

agents’ centralities and marginal productivities. So the balance conditions would be
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suitably adjusted, and rankings such as those in Section 3.3 would also be affected by

these informational considerations.
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APPENDIX A. OMITTED PROOFS

A.1. Proof of Fact 1. For contracts in this compact space, agent best responses will
also be contained in a compact space. We want to show the supremum 7 of attainable
principal contracts is attainable. Choose a sequence of contracts 7% giving payoffs
converging to m and let (a*)® be the corresponding equilibria.!” By compactness, we
can choose a subsequence of 7 such that 7() — 7* and (a*)) — a*. By upper-
hemicontinuity of equilibrium, the action profile a* is an equilibrium under 7*. Since
the principal’s payoffs are continuous in the contract and actions, the contract 7* attains

the optimal payoff 7.

A.2. Proof of Lemma 1. We begin by observing that under any optimal contract,
al(t") =0 <= 7/(s) =0, foralses.

That is, at an optimal contract, an agent ¢ exerts zero effort at equilibrium, if and only
if it does not receive a payment from the contract at any outcome.'®

We analyze the change in team performance as the transfers to agents are perturbed.
Consider contract 7 and any agent 7 for which there exists an outcome s’ such that
7;(s') > 0. For any outcome s, consider marginally increasing 7;(s). The change induced
by this perturbation is

oY da*

(8) a7:(s) = VY(CL*)T : ma

where a* is the equilibrium action profile for the contract 7. The substance of the proof

is analyzing the second term on the right-hand side of (8).

171t 7 is zero, then the contract giving zero payments under all outcomes is optimal. So we can assume
that 7 is positive and thus an equilibrium exists under 7% for i sufficiently large.

18guppose at an optimal contract 7*, there is an agent ¢ who receives positive payment 7(s) > 0
under an outcome s but chooses action a}(7*) = 0. Then the principal receives a strictly higher profit
under the contract 7 which sets TiT(s) = 0 for all outcomes s and is otherwise equal to 7*. At this
contract, agent ¢ chooses action a; = 0 for any profile of actions a_; played by other agents. Thus, the
equilibrium a*(7*) under contract 7* is also an equilibrium profile under contract 7. Since outcome
s occurs with positive probability under any team performance, the principal’s expected payments to
agents are strictly higher under 7* than 7. The other direction is straightforward.
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First, consider any agent j such that aj(7) = 0. The change in their equilibrium
action due to an increase in 7;(s) is zero. The utility to agent j at contract T is
U= Po(Y")uy(r(s") = Cjlay):
s'eS
At contract 7, agent j receives no payment under any outcome, so he has a unique best
response of a; = 0.

It is thus without loss to analyze the change in equilibrium actions of agents j that
take a strictly positive action in profile a*, that is, aj > 0. The analysis from here on
focuses on such agents, overloading notation to represent the actions of these agents by

*

a .

We will show that the change in equilibrium actions a* as the transfer 7;(s) increases

0
8a* 1 1 111 1 8Y
=H:|I-H:UGH :| H = |2 P (Y)(r H_ la,
8%(5) [ UG da; PS(Y)uZ(TZ(S)) +8n(8) [ UG]
0

for some vector d.
Consider the equilibrium action profile a*. For an agent j, the first-order conditions

imply a} must solve the equation

(10) Ci(aj) (Z P (Y)u;(7(s ))) gz

s'eS
To arrive at (9), let us implicitly differentiate (10) with respect to 7;(s). The resulting
expression depends on the identity of agent j in comparison to ¢, the agent whose

payment is perturbed. For all j # i,

" 9%Y  Oa;
(ZP u] T] ))) <; aakaaj . 873(5)) +

s'eS

(1) C5(aj)

On the other hand, for j =i,
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day ) , —~ 9*%Y  Oa;
ori(s) (Z Po(Y)us(5(s )>> <; Oay0a,; . 87}(8))

s'eS
oY oy odY

50, NGO+ 5 5

(12) C5(aj)

> PIY Juy(7().

s'eS

We can combine (11) and (12) to write the resulting expression in vector form below

0
aa* -1 3Y 1
—H-UG oY pr "1, H-UG| 'd
0Ti($) [ ] 8‘”PS(Y)UZ<T1(S)) + 3%’(8) [ } ’
0
where d is a vector with j* element defined as
Y
4= o ST PUY ()
J

The expression in (9) follows.

Substituting (9) into (8), the change in team performance as the transfer 7;(s) increases

is
0
o = VY(a*)"TH 2 [I—H—%UGH-% T H Y Py Yol (ri(s)) | +
a7(s) Ba; = s\ /T
0

oY
87'1»(5)

VY (a*)'[H -UG| " d.

Applying the definitions of «a; and ¢;, we obtain

)% Y

(13) 5ty = P () + s

VY(a)'[H-UG| 'd.

Suppose the term VY (a*)T [H — UG] " d is not equal to 1." Rearranging,

aY 1 / /
or(s) ~ 1-vra) H —va) g “HHm).

Y0 the case VY (a*)T [H —UG] 'd = 1, (13) simplifies to a;c; PL(Y)u(ri(s)) = 0 for any agent i
and outcome s such that 7;(s) > 0. We will show in Lemma 3 that any agent that receives a payment
at an optimal contract does so at an outcome where P.(Y*) > 0. Thus ¢; = 0 for such agents and the
balance condition in Theorem 1 is satisfied trivially.
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Setting [ = l—VY(a*)T?H—UG]_ld and observing [ does not depend on ¢, we obtain the

desired result.

A.3. Proof of Theorem 1. The expected payoff for the principal under contract T

and corresponding equilibrium actions a* is

> (w - qu) P, (Y(a¥)).

s'eS 1EN
Suppose T* is an optimal contract inducing equilibrium a*(7*) with team performance
Y*. Consider outcome s and any agent ¢ such that 7;(s) > 0. Then the first-order

condition for 7;*(s) implies that

e ( - Zrﬂs')) PL(Y*) = PV,

s'eS €N

D
The left-hand side is the benefit from increasing 7;°(s) while the right-hand side is the
expected additional transfer required. Since Py(Y*) > 0 by assumption, the summation
labeled D is nonzero.
Substituting Lemma 1 in the above equation, we obtain
Py(Y™)
D

loie; P(Y " )ui(77 (s)) =
— aeu(t7(s)) = As,

where A\s = Py(Y*)/(IP,(Y*)D). Observing that A is independent of ¢, the statement

of the result follows.

A.4. Proof of Corollary 1. Let §; have at least 2 outcomes. (If [S5] < 1, the
statement holds vacuously.) By Theorem 1, for any s € S, there is a constant As # 0
such that

aiciug(7(s)) = As,  and  ajeu(17(s)) = As

%

It follows that
ui(t7(s)) e
wA(TH(8))  aue
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The right-hand side is independent of s, so the result follows with A;; equal to this
right-hand side.

A.5. Proof of Proposition 1. We prove a couple of lemmas which help in proving
the proposition statement. The first lemma gives a condition which must hold for all

outcomes at which an agent receives a positive payment.

Lemma 3. Suppose 7" is an optimal contract and Y™ is the induced team performance.

For all s in the set of outcomes S} where i receives a positive payment, P.(Y™*) > 0.

Proof. Consider agent 7 and let S be the set of outcomes at which agent i receives a
positive payment. If S’ is the empty set, the result holds vacuously. Otherwise, we will
show that, either

(14) P/(Y*) >0, forall s € S, or, P.(Y*) <0, forall s € S;.

Recall from the proof of Theorem 1 that
P,(Y™)
Dves (Vs = ien Tils) PU(Y*)’

Since every outcome occurs with non-zero probability, it must be that P.(Y™*) # 0 for

lae; PLY ™ )ui(17(s)) = Vs € S;.

any outcome in S;. In the case S has exactly 1 outcome, it follows that P.(Y*) > 0 or
P!(Y*) < 0 for s € §. Thus, suppose S; has at least 2 outcomes. Taking the ratio of

the above equation for any pair of outcomes sy, sy € S, we obtain

WG(ri(s)) _ Pu(Y") PLO™)

i

W ()~ L) PV

(]

Since the utility function wu;(+) is strictly increasing, we must have either
P{(Y*) >0 for s € {s1,s2}, or, P.Y*)<0forse{s,ss}
The statement in (14) follows. We now show that
PI(Y*) >0, for all s € S;.

The equilibrium condition for agent ¢ is

oS Pl )

b ses

Ci(a7) =
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Since ) . Pi(Y) = 0, the equilibrium condition can be rewritten as

L aY
C’L(az) = da.

Y PUYT) (ui(7] () = ui(0)).

seS;

By assumption we have a positive marginal productivity, that is, % > (0. The cost

of effort is strictly increasing, that is, C/(-) > 0. The utility function w;(-) is strictly

increasing in payments. Thus,
P/(Y*) >0, for all s € Sf
as desired. -

The second lemma shows the existence of a common outcome at which agents receiving

a positive payment are paid.

Lemma 4. Suppose 7" is an optimal contract. Consider a pair of agents i and j,
each with strictly concave utility functions. If there exist outcomes s; and s; such that

77 (si) > 0 and 77 (s;) > 0, then there exists an outcome s € S such that
77 (s) > 0 and 77 (s) > 0.

Proof. Suppose there does not exist an outcome at which both agents receive a positive
payment. Thus, the payments 7;"(s;) = 0 and 75 (s;) = 0. The KKT first-order conditions

at optimal contract 7* are
(15) IDagcpuy 1y (s)) P, (Y™) — Py (Y*) =0 for k € {i,j}.
In addition to the above set of equations, we also have

(16) IDaycuy,(0) P (Y*)—P.

S{i,dP\k s (Y) <0 for k€ {i,j}.

Recall S; is the set of outcomes where agent 7 receives a positive payment under contract
T".

Since P/(Y*) > 0 for any s € S (see Lemma 3), we must have [Da;c; > 0. Consider
the following chain of inequalities for agent :
Py (Y™)
PLY)
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Both the inequalities follow from applying (15) and (16) to agent 7. We utilize the fact
that w;(-) is strictly concave. We also utilize the observation that, since agent i and j
receive a positive payment at outcome s; and s;, Lemma 3 tells us that P, (Y*) > 0 and

Ps’j (Y*) > 0. Following the same computation for agent j, we obtain the inequalities

P, (Y) P, (Y™)
1 2 2~ 1Dascau < 8 T
(18) Pl ) < IDajcju3(0) < P (V)

This contradicts inequality (17). Thus, if two agents receive a positive payment at some
(potentially different) outcomes under the optimal contract, then there must exist an

outcome at which both agents receive a positive payment. 0

Proof of Proposition 1. Consider agents ¢ and j with identical strictly concave utility
functions u;(-) = u;(-). The statement trivially holds if either agent ¢ or agent j receives
a 0 payment at all outcomes. Thus, consider a scenario where there exist outcomes s;

and s; such that
77 (s:) > 0 and 77 (s;) > 0.

By Lemma 4, it suffices to show that when there exists an outcome such that both

agents ¢ and j receive a positive payment at this outcome, then

7/(s) 2 7;(s) for all s € S or 7;(s) > 7/(s) for all s € S

]

(or both).
Let S be the set of outcomes at which both agents receive a positive payment under
contract 7*. The set S5 is non-empty. We can assume without loss of generality that

77 (s) > 7 (s) for some outcome s € Sj;. We show that then
77 (s) > 77 (s) for all s € S.
Applying Corollary 1, it holds that

e > Jajey).
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Additionally, a;c; and ajc; are either both positive or negative. Further applying Corol-

lary 1 to any outcome s’ € S}

+;, the ratio of marginal utilities satisfies

ui(77(8')  aye

u(T5(s) e T
This implies that agent i receives a weakly larger payment than agent j under all out-
comes in &, that is,

7 (8) > 7/ (s) for all s € S

We will show that this ordering on payments holds for outcomes in the set S\ Sj; as
well. The ordering trivially holds at outcomes where 77(s) = 0. Consider an outcome
s at which 77(s) > 0 but 7;(s) = 0. We show that such an outcome cannot exist at an
optimal contract 7*. We showed in the proof of Theorem 1 that the first-order condition

for the principal is
IDayep (7 (s) PL(Y*) = P(Y*) = 0.
Since the utility to agent j is strictly increasing, it must hold that
lDO(jCjPS/(Y*> > 0.

Recall, |a;c;| > |ajcj| and they are either both positive or negative. Using the fact that
u;(-) and u;(+) are strictly increasing identical utility functions, and thus u;(0) = u}(0) >

0, we conclude
(19) IDocaui(0)Py(Y™) > IDavjeju;(0) Po(Y™).
Now, consider the following chain of inequalities:

IDaeau,(0)PL(Y™) — Py(Y*) > lDijCjU}(O)P
> IDaejuy(17 (s)) Pi(Y™) — Ps(Y™),

J

=
|
20
E

va)

=0.

The first inequality follows from (19). The second inequality follows from the fact that
w;(+) is strictly concave and {Dajc;Pi(Y*) > 0. The left-hand side in the above chain
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of inequalities is the derivative of the principal’s objective in 7;(s). The derivative being

positive contradicts the optimality of 7*, so the statement of the proposition holds. [

A.6. Proof of Corollary 2. Recall from the proof of Theorem 1 that
(YY)

Dves (Vs = Xien Til(s) Pou(Y*)

Taking the ratio of the above equation for any pair of outcomes s;, s9 € S}, we obtain

w7 (s1))) _ P (V") PL,(Y7)

i

uj(ri(s2))  PLOY*) Pyu(Y*)

i

lae; PLY " )ui(17(s)) =

Vs € S;.

The statement is proved.

A.7. Proof of Lemma 2. We begin by deriving an expression for an agent’s produc-

tivity «;. By definition,

(20) a; = g: =ki+p <Z 5jaj> ;.

JEN

B1

Because actions satisfy a; > 0 for every j, and 3; > 0 by assumption, the term El > 0.
We next derive an expression for an agent’s centrality ¢;. By definition, at any contract

7 and corresponding equilibrium a*, the centrality

(21) ' =a' [I-pP(YTBB™] ",
where T' = diag (u1(71), . .., un(7,)). Using the Sherman-Morrison formula, the inverse
matrix is

- P(Y*TBB"

L= pP(Y)B TS

As we establish in the proof of Lemma 5, the spectral radius of the spillover matrix at
any contract and corresponding equilibrium is at most 1. Consequently, in this setting,
pP'(Y*)BTTB < 1. Substituting (22) in (21), we get

T_ T pP'(Y)o'TB ¢
¢ =X T pvpTE”

-~

B>
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where By > 0. Substituting (20) in the expression above, we get

Finally, consider any optimal contract 7*. By Theorem 1, there exists a constant A

such that for any agent receiving positive pay
e (1) = A

Substituting (20) and (23) in the balance condition, it follows that there exists B; > 0
and By > 0 such that for all agents i ,

w; (177) o (kf + Bk 3 + Bzﬁiz)_l .

The statement is proved.

A.8. Proof of Theorem 2. This proof utilizes Lemma 2, which characterizes an op-
timal contract for any given environment. We will also require a characterization of
equilibrium action profiles under a given contract. We provide the characterization for
any linear-quadratic production function without requiring rank-one structure, as the

more general version will be useful for later proofs.

Lemma 5. Consider the setting of Section 2.1.1. Fixing T, there exists a unique Nash

equilibrium. The equilibrium actions a* and team performance Y* solve the equations
(24) I — P(Y")TGla" = P'(Y*)Tk and Y* =Y (a"),
where T is the diagonal matriz with entries Ty = w; (T;).

Proof. Fixing shares T and others’ strategies, agent ¢’s expected payoff is strictly concave
in his action a; because Y (a) is linear in a;, the success probability P(Y") is concave in Y,
and the effort cost is strictly convex. So agent ¢ has a unique best response, meaning we
need only consider pure-strategy equilibria. Moreover marginal costs at a; = 0 are zero
while marginal benefits at a; = 0 are strictly positive if 7; > 0 and zero if 7; = 0. Since

U; is concave in a;, this rules out a boundary solution where the first-order condition

Uy _
Oa;

best-response.

0 is not satisfied. So the first-order condition is necessary and sufficient for a
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It follows that the following equations are necessary and sufficient for the vector a*

to be a Nash equilibrium:
(I — P(Y")TG|a" = P'(Y*)Tk and Y* =Y (a).

Given a constant y such that P'(y)p(T'G) # 1, where p(T'G) is the spectral radius of

TG, we can define actions by
a’(y) = I - P'(y)TG]"'P'(y)Tk.
Solutions of the first-order conditions then correspond to solutions to

Y(a'(y)) =y.

The function Y (a*(y)) is strictly increasing in each coordinate of a*(y). We analyze

how a*(y) changes as y increases. Consider the set

yr = 1{y: P'(y)p(TG) < 1}.

Observe that because P(+) is concave, if y € yg then y + € € yg for any € > 0. We show
that constrained to the set yg, there exists a unique fixed point to the function Y (a*(y)).
Each coordinate of a*(y) is weakly decreasing in y since P’(-) is weakly decreasing (by
our assumption P(-) is concave). So Y (a*(y)) is decreasing, meaning there is at most
one solution to Y (a*(y)) = y. It remains to show a solution to this equation exists.

We claim that we can find y such that Y(a*(y)) > y and P'(y)p(TG) < 1. If
P(0)p(TG) < 1, the claim holds with y = 0 since Y (a*(0)) > 0. Otherwise, define y,
by P'(yo)p(T'G) = 1. A solution to this equation exists since P’(y) is continuous and
converges to zero as y — oo. Then Y(a*(y)) — oo as y — 1o from above, so we have
Y (a*(yo+€)) > yo+e€ for € > 0 sufficiently small. This completes the proof of the claim.

Since Y (a*(y)) is decreasing in y, we can also choose y large enough such that y >
Y(a*(y)). Since Y(a*(y)) is continuous in y, by the intermediate value theorem this
function has a fixed point, denoted by y*. We conclude that there exists a unique
solution to Y (a*(y)) = y in the set yr and a corresponding profile a* of equilibrium
actions.

It remains to show that there does not exist an equilibrium a* with corresponding
team performance Y* such that P'(Y*)p(T'G) > 1. The case 7 = 0 is immediate as
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the only equilibrium is @* = 0. Take 7 not identically zero and suppose there exists an
equilibrium a* such that P'(Y*)p(T'G) > 1. It must solve the necessary and sufficient

conditions
(25) I — P(Y")TG]a* = P(Y*)Tk and Y* =Y (a").

By the Perron-Frobenius theorem,?® there exists a left-eigenvector v of the matrix
P (Y*)TG such that v has strictly positive entries. Multiplying the LHS of (25) by

the vector v, we get

v [I - P(Y)TG|a* = [1 — P'(Y*)p(TG)v" a*

<0

Y

where the inequality follows from the assumption P'(Y*)p(T'G) > 1 and the fact that

a* has strictly positive elements. However, we also compute
v’ [I — P'(Y")TGla* = v P'(Y*)Tk by (25)
> 0,

where the inequality holds because the entries of v are all positive and the entries of 7 are
all non-negative and not identically zero. This is a contradiction, so there does not exist
an equilibrium a* with corresponding team performance Y* such that P'(Y*)p(T'G) > 1.

We conclude the equilibrium described above is the unique one. O

We can now prove the theorem. Consider any optimal contract 7 and the correspond-

ing equilibrium a*, which (by the previous lemma) is given by
(26) a* =P (Y*)[I - pP'(Y)TBB'] Tk,

where T' = diag (u1(71), . .., un(7,)). Under this characterization, it can be established
that the constants in Lemma 2 have the following expression:

3—2pP'(Y*)BTTS3
(1—pP(Y*)BTTB)"

20For this argument, it is without loss to assume the matrix T'G is irreducible. If not, since G is
symmetric and 7; > 0 for some agent i, we can rewrite T'G in a block diagonal form with irreducible

blocks. Then P'(Y*)p(T'G) must be an eigenvalue of at least one block of the matrix P'(Y*)TG. We
can drop agents in all other blocks and apply the remainder of the argument to this block.

(27) B, =pP' (Y)kE'T3-
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2 2—pP(Y)B'TB
(1—pP(Y"BTTB)>

Given the above expressions, we establish Part (i) and Part (ii).

(28) and B, = (pP'(Y*)k'TP)

Before turning to each part of the argument, we characterize the spectral radius of
the spillover matrix. Consider a sequence of environments with corresponding spillover
matrices S™. For the remainder of the proof, we drop the dependence on the index m.

The spillover matrix is

S =pP'(Y)TBB',
which is rank one. Its unique non-zero eigenvalue is
(29) u(S) = pP'(Y")B'TB

with associated eigenvector T'(3.
To establish Part (i), we want to prove that as p converges to 0, the ratio of agent

payments converges as follows:

By Lemma 2, the ratio of payments for any pair of agents ¢ and j is

up (1) k]Q + Bik;B; + 325]2

(30)

We will show that By and Bs, given in (27) and (28), converge to 0 as y converges to 0.
By assumption and (29), we have

lim pP'(Y*)B'TB = 0.

m—r0o0
It remains to analyze the convergence of pP’(Y*)k"T3. Consider the following chain

of inequalities:

pP'(Y*)BTTB > GpP' (Y)1 TS > (B/k)pP'(Y* )k T.
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Since 3/k > 0 and the left-hand side converges to 0, the term pP’(Y*)k" T8 converges
to 0. Substituting in (27) and (28), it follows that B; and By both converge to 0. Thus,

To establish Part (ii), we want to prove that as u converges to 1, the ratio of agent

payments converges as follows:

Rewriting the ratio of payments using (27) and (28), we have that

* * 2
up(ry) (L= )" k5 + pP'(Y)RTTB(L — p)(3 — 20k s + (pP' (Y )k TTB)" (2 — )5}
W (m) (1= )k + pP (Y)RTTB(1 = 1) (3 = 20)kiffi + (pP' (Y )kTTB) (2 — 1) B?
It suffices to establish that pP'(Y*)k"T3 does not converge to 0 and remains bounded

as u converges to 1. Consider the following chain of inequalities:
k
pP (Y*)k'TB > kpP'(Y*)1'TB > ﬁpP/(Y*WTﬁ.

Since k/B > 0 and u converges to 1, it must be that pP’(Y*)k"TB does not converge
to 0. Next,

PP/ (YIKTTB < FpP (V)1 T < %pP’(Y*)BTTﬁ.

These inequalities establish that pP’(Y*)k™ T3 remains bounded. Thus,
ui (1) 5;

ptal (1) B

The statement is proved.

A.9. Proof of Proposition 2. As established in Section 4.2, under an optimal contract
7%, the product q;c; is equal across all active agents. This section completes the proof
of Proposition 2 by providing a formal proof of Part (a). Part (b) and (c) follow directly

from arguments presented in the main text.

Lemma 6. If a;c; is constant across all active agents, then, «; is constant across all

active agents.
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Proof. By Theorem 1, we have that
a;c; 1s constant across agents 1.

We derive an expression for productivity a and centrality ¢ that will be used throughout

the proof. The productivity a is given by

a=1+Ga",
=1+ P(Y)GI - P(Y)TG ' v (by Lemma 5),
= [I-P{Y")GT] 1,

where 1 denotes the vector whose entries are all equal to one. Furthermore, the centrality

c is defined as
c=[I-PY")GT] ' a.

Suppose that there exist two agents 7* € N with ¢* = arg min; .y oy and j* € N with
J* = argmax, v oy, such that a; < a;«.?!
Then we have that, for agent ¢*,
(31) Qe < apage Y [I = P'(Y)GT., = (o) a0,
jEN
using the maximality of a;- among the «; and the definitions of ¢;» and a;-. But we
similarly have that, for agent j*,
(32) jecje > ajeag » (I = P'(Y)GT) = ape(0).
ieN
Theorem 1 implies that a;-c;« = aj-c;- for any two agents ¢* and j*, and so combining
(31) and (32) implies
(0o > e (a0)”.
This contradicts our assumption o« > a4+, so we must have «; equal to some constant
A for all 7 in N. O

2I\We are grateful to Michael Ostrovsky for suggesting the argument in the next paragraph.



INCENTIVE DESIGN WITH SPILLOVERS 53

A.10. Proof of Fact 3. We begin by providing sufficient conditions for strict best
responses and stable equilibrium actions under Cobb-Douglas production, before turning
to the CES specification.

Proof of Part (i). Consider any contract 7. For Cobb-Douglas production, team

performance is

We begin by establishing strictness of best responses. The utility of an agent is

a?
The second derivative of U; with respect to a; is
02U, , Y \” 0%

The second derivative of Y'(+) with respect to a; is v; (; — 1) Y/a?. Thus, (33) is strictly
negative when P(+) is concave and v; < 1.

We next establish the stability of equilibrium actions at the optimal contract. Observe
that the action profile af = 0 for every agent i € N is a Nash equilibrium for any contract
7. Consequently, for a given contract, the principal’s preferred equilibrium is the one
— if it exists — in which all agents exert positive effort. For any contract such that
7; = 0 for some agent i € N/, the only equilibrium is one where every agent takes a zero
action. For the remainder of the proof, we focus on contracts where every agent receives
positive pay.

We show that when the factor shares also satisfy

> <,
ieN
a unique equilibrium with positive actions exists and is differentiable with respect to

the contract 7. The result relies on the following characterization of equilibrium team

performance: given 7, an equilibrium with positive actions exists if and only if there is
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a solution to

i

To see why, suppose a positive equilibrium a* exists and let Y* denote the corresponding

team performance. Agents’ actions must satisfy the equilibrium first-order conditions

al = /TP (Y*)Y* for every i € N.

Raising both sides to the power v;, multiplying across all agents and taking the power of
that equation to (2/ ), v;) yields (34). For the converse direction, suppose there exists
a solution to (34) which we denote by Y*. The action profile defined by

al = /TP (Y*)Y* for every i € N,

then constitutes a Nash equilibrium. This follows because when ~; < 1, each agent’s
utility is strictly concave in own action, implying that any profile satisfying the first-order
conditions is indeed a Nash equilibrium.

We now establish that when ) .7; < 2, (34) admits a unique positive solution for

2>
any given contract 7. By assumption, Y =% is strictly increasing and P’(-) is weakly

decreasing by concavity of P(-). Thus the left-hand side of (34) is strictly increasing
which implies a unique positive solution exists. Moreover, because P(:) is smooth, the
left-hand side of (34) is smooth, implying that the solution Y*(7) is differentiable with
respect to the contract 7. Combining this with the uniqueness of the positive equilibrium
action profile, it follows that the principal’s preferred equilibrium is differentiable at every
contract 7.

Proof of Part (ii). A similar analysis applies to CES production. Consider any

contract 7. The team performance is

n /P
Y(a) = <Z fy,-af> .
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We begin by establishing strictness of best responses. The second derivative of Y(+) with

respect to a; is

0%y o7t
rr = ykal” Zwaé vi(k—1)al +(p—1) Z% aj

J#
Thus, the second derivative of U; with respect to a;, as defined in (33), is strictly negative
when P(-) is concave, k£ € (0,1] and p < 1. Under these conditions, each agent’s utility
is strictly concave in own action, implying that the best responses are unique.
We next establish the stability of equilibrium actions at the optimal contract. We
show that when k < 2, a unique Nash equilibrium exists and is differentiable with
respect to the contract 7. The result relies on the following characterization: given T,

a positive equilibrium exists if and only if there is a solution to

| - e
(35) Yo P’(Y) =K <ZZ:1: i (Ti’}/i)Q_p)

To see why, suppose an equilibrium a* exists and let Y* denote the corresponding team

2—p
P

performance. Agents’ actions must satisfy the equilibrium first-order conditions

ai = kT P/(Y) (Y= (a) "

(2

Taking equilibrium action a} to the left-hand side and taking the power of that equation
to p/(2 — p) yields

E=p, _p

(a;)" = (/sz"Yz'PI(Y*))ﬁ (Y*) = 2= forevery i € N.

Multiplying the equation by v; and summing across all agents gives

(Y*)P/H — (Y )%L HJP/ 2 P Zf}/@ TZ’}//[/ —p .

Eq. (35) then follows by moving the terms involving Y* and P’'(Y™*) to the left-hand side
and taking the power of that equation to (2 — p)/p. For the converse direction, suppose
there exists a solution to (35) which we denote by Y*. The action profile defined by

—p

al = (/Wi%P’(Y*))ﬁ (Y*)%ﬁ for every i € N,
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then constitutes a Nash equilibrium. This follows because when p < 1 and x € (0, 1],
each agent’s utility is strictly concave in own action, so any profile satisfying the first-
order conditions constitutes a Nash equilibrium.

2-#)/* i strictly increasing in Y, and since P’(-)

By assumption that x < 2, the term Y
is weakly decreasing by concavity of P(-), the left-hand side of (35) is strictly increasing.
It follows that equation (35) admits a unique positive solution for any given contract 7.

Because P(-) is smooth, the left-hand side of (35) is smooth, implying that the solution

Y*(7) is differentiable with respect to the contract 7. The statement of the result follows.

A.11. Proof of Proposition 4. Proof of Part (a): Recall that, after applying the
monotone transformation ¥ = logY and P(Y) = P(exp(Y)), team performance can be
written as
Y(a)=> vlog(a).
ieN
Consider an optimal contract 7* and equilibrium a*. Each agent’s first-order condition
is

(36) o = Ti%Pl(Y*)
(3 a;k °

We now compute the quantities in Theorem 1. Differentiating }7, we compute produc-

tivity to be a; = ~;/a;. Since the transformed problem is separable, the matrix 8222 - of
~ o J
spillovers is diagonal with entries %Zg = —71;. We next compute agents’ centralities at

equilibrium to be

~ ~ -1
_ _ iP/ Y* ;
C; = Oy (14‘#) y

(a7)?

We can now apply Theorem 1, which states that under any optimal contract satisfying

~2
Assumption 1, the quantity % is equal for all agents and thus all agents have the same
marginal productivity. This tells us that equilibrium actions are proportional to ~;,

each agent’s factor share in the original production function. Given this, Equation (36)
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implies that each agent’s payment 7; under the optimal contract is proportional to his
factor share ~;.

Proof of Part (b): Tt is again useful to transform team production: we consider an
equivalent transformed problem in which we replace Y with ¥ = %YP/ #and P(Y) with
P(Y) = P((pY)*/?). The transformed problem is:

(37) V(@) = =3 v,

This transformation again does not change the optimal contract or the corresponding
equilibrium actions. The role of p in the transformation is to ensure that Y is an
increasing function of actions.

We characterize how the optimal contract divides payments among agents who do

receive positive payments. Each of these agents has first-order conditions

(38) a; = 7P (Y*)y - (a})"".

)

We next compute marginal productivities and centralities. Differentiating }7, marginal
productivities are

~ p—1

Q; = Ya; .

02y
Oa;0a;

agents’ centralities at equilibrium are

The matrix of spillovers is again diagonal with entries % = vi(p— 1)a"2. So

6= (1- Pl — 1 a)?)

a.
— —' by eq. (38).
>, y eq. (38)

We can now apply Theorem 1, which states that under any optimal contract satisfying
Assumption 1, the quantity fffp is equal for all agents and thus all agents have the same
marginal productivity. This tells us that (a})!™" is proportional to ;. Given this, (38)

1

implies that each agent’s payment 7; under the optimal contract is proportional to %«ﬁ.

APPENDIX B. APPLICABILITY OF THE FIRST-ORDER APPROACH

A key assumption in our analysis is that when we perturb the optimal contract in

any direction, the induced equilibrium varies in a differentiable way (Assumption 1).
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We now discuss sufficient conditions for this assumption and provide balance conditions
that hold in its absence.

We begin by observing that Assumption 1 holds as long as the optimal contract induces
a strict equilibrium and a stability property is satisfied. By the implicit function theorem,

Assumption 1 is implied by the following two conditions:
Assumption 2. (a) (Invertibility of utility Hessian) The matriz

0*U;
8aj8ai i

1s non-singular at contract T and corresponding equilibrium a*.

(b) (Strictness) The equilibrium a*(T*) is strict.

This assumption gives more explicit conditions that guarantee a first-order approach
applies. Part (a) is weaker than requiring stability of equilibrium under best-reply
dynamics.?? Part (b) can impose more substantive restrictions, as we now discuss.

Appendix B.1 shows we can extend the sufficient conditions for strictness from Roger-
son (1985) to our multi-agent setting. Appendix B.2 presents an analogous balance
condition which only requires differentiability in some directions, and therefore can pro-

vide insights even when equilibrium is not strict under the optimal contract.

B.1. Sufficient conditions for strictness of equilibrium. This section establishes
conditions on the environment that guarantee strictness of equilibrium actions. Specifi-
cally, equilibrium actions are strict when the probability functions satisfy the monotone
likelihood ratio property and the convezity of distribution function property (as in Roger-
son (1985)), and when the team performance is concave in each agent’s action.

We can assume without loss of generality that the possible outcomes are S = {1,...,|S|}
and that outcomes are ordered in increasing value to the principal: v; < vy < ... < g/

We will use two conditions from Rogerson (1985):
Assumption 3. The collection of distribution functions {Ps(-)}scs satisfies:

221 we solve for local best-reply dynamics the Jacobian of the agents’ first-order conditions in others’
actions is given by the Hessian above. Stability requires that this Jacobian be well-defined and have
some further properties.
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(a) Monotone Likelihood Ratio Property (MLRP): the ratio P.(Y)/Ps(Y) is
strictly increasing in the outcome s for any team performance.
(b) Convexity of distribution function condition (CDFC): for any outcome

s, the cumulative distribution

S
E Pp(Y)
k=1
18 convex in team performance.

MLRP requires that low-valued outcomes become less likely as team performance
increases. A key implication is that the cumulative distribution function of any outcome
is weakly decreasing in team performance. CDFC strengthens this by requiring convexity
of the cumulative distribution, which will be crucial for the strictness of best responses.

A comparison with the single-agent setting is instructive. Rogerson (1985) shows that
with one agent taking a one-dimensional action, these conditions are sufficient for a first-
order approach. We are able to extend the analysis to multi-agent settings because team
performance in our framework depends only on a one-dimensional aggregate of individual
actions. To do so, we will require Assumption 3 as well as a concavity assumption on
Y (a). The assumption on Y (a) is satisfied automatically in our network games setting
and is satisfied for Cobb-Douglas and CES production functions whenever all factor

shares are at most 1.

Theorem 3. Suppose the collection of outcome probability functions { Ps()}ses satisfies

Assumption 3. Additionally, assume that the team performance function Y (-) is concave

%Y
8(1?

i € N. Then there exists an optimal contract T such that the resulting equilibrium

i each agent’s action, i.e., the second derivative is mon-positive for every agent

action profile a*(T*) is strict.

Recall that the principal chooses a contract to maximize expected profit, taking into
account the agents’ equilibrium actions in response. The principal’s problem, denoted
by (PM), is given by:

S|
max ) <vs —~ Zfi(s)> P(Y),
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(PM) s.t a*(7) is an equilibrium,
7;(s) > 0 for every i, and outcome s.
To prove Theorem 3, we begin by analyzing a relaxation of the principal’s profit
maximization problem. In this relaxed formulation, the principal chooses a contract 7
and an action profile a*(7) that satisfies the first-order (stationary) conditions of the

agents’ utility maximization problems. The objective is to maximize expected profits

subject to these first-order conditions. The relaxation, denoted by (RPM), is given by:

S|
maX) Z <U5 — 27—1(3)> PS(Y)7

AR ieN
o,
(RPM) s.t B 0 for every i € N,
a;

7;(s) >0 for every 4, and outcome s.

We now justify the use of this relaxation. Any optimal solution to (PM) is a feasible
solution to (RPM). To see why, any optimal action for each agent must satisfy that
agent’s first-order condition. Additionally, any agent that takes a zero action must be
paid zero at the optimal contract (else the principal could induce the same equilibrium
by providing zero payments to these agents, which would strictly increase profit). By
our assumption that the marginal cost at a zero action is zero, such an agent’s marginal
utility is zero. Thus, all equilibrium actions—whether interior or at the boundary—
satisfy the first-order conditions that define the constraint in (RPM).

The primary challenge lies in establishing that an optimal solution to (RPM) is a
feasible solution to (PM). Consequently, by the justification in the paragraph above, it
would be an optimal solution to the latter. Toward this end, we will show that each
agent’s utility function is strictly concave at any optimal solution to (RPM). Feasibility
in (PM) and strictness of the equilibrium action profile will follow.

We begin with a lemma showing it is optimal to pay agents more at better outcomes:

Lemma 7. Consider any optimal solution (7*,a*(7*)) to (RPM). For any agenti € N,

i (s+1)>71'(s) forallseS.
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Furthermore, for any agent that receives a positive payment, there must be a strict in-

crease in payments at some outcome.

Proof. Consider any outcome s € S that provides a payment to some agent ¢. The
principal’s KKT first-order condition implies

1 oY P(Y)
ul(t7(s))  0a; P(Y)

K3 (2

(39)

where )\; is the Lagrange multiplier corresponding to that agent’s marginal utility con-
straint. We will establish that A\; > 0 for any agent that receives a payment. Suppose this
was not the case. Then, any outcome at which this agent is paid, it must be P/(Y) <0
(the left hand side of (39) is always positive). But this means that the agent must
be taking a zero action because the marginal utility is non-positive. This contradicts
optimality because the principal can induce the same equilibrium action by giving this
agent zero payments and obtain a strictly higher profit. Thus, A; > 0 for any agent that
receives a payment.

For the rest of the argument, it suffices to focus on these agents — payments are
trivially monotonic for an agent that does not receive a payment at any outcome.

Consider any agent i and suppose 7;(s) > 0, but 7/(s + 1) = 0. We will show that
the principal can strictly improve profits by providing a payment to agent ¢ at outcome

(s +1). Recall, the KKT first-order condition for 7(s), established in (39), is
oY P/(Y)

L= (7 () hig - P(Y) ~

By assumption, 77 (s + 1) < 77°(s) and the outcomes satisfy MLRP, that is,

Pl (Y)  PUY)
Ps+1 (Y) PS(Y)'

Combined with the observation \; > 0, we get

Y P, (Y)

(40) L=l s+ DA 0

< 0.

The derivative of the Lagrangian w.r.t 7;(s + 1) is

oL
6’7'1(3 + 1)

P () (1 s+ DAY P—m) -0,

ia&i Ps+1(Y)
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where the inequality follows from (40). This contradicts the optimality of 7/(s+1) = 0,
so (s + 1) > 0. Moreover, under MLRP and the concavity of u;(-), analysis of (39)
implies that 7;°(s + 1) > 77(s). O

The intuition behind the result is straightforward. Agents are more responsive to
incentives at outcomes that become more likely as team performance improves. Since
the principal’s value also increases with the outcome, this alignment leads the principal
to offer stronger incentives at higher-valued outcomes.

We utilize the monotonicity result to prove Theorem 3. A key step establishes that

each agent’s utility function is strictly concave at any optimal solution to (RPM).

Proof of Theorem 3. Consider any optimal solution (7%, a*(7*)) to (RPM). We can write

the utility of an agent as

S|
Us =Y uilmi()) Po(Y) = Ci(ay)
15| 15|
= u;(73(1)) + Z\(uz(n(s)) &(Ti(s 1)))12 P(Y) = Ci(a;)

The second derivative of U; with respect to a; is

S| S|

O%U. 2 |9 S|
o = g e A+ () DRl ) - e

We will argue that the second-derivative is strictly negative for any action profile. By
Lemma 7, each uf(7;(s)) is non-negative. By concavity of Y(-) in each agent’s action
and MLRP, the first term is non-positive. By CDFC, the second term is non-positive.
And finally, since the cost function is strictly convex, C/(a;) > 0. This establishes the
fact that the second derivative is strictly negative. Thus, the utility function of any
agent is strictly concave. This has two important implications. First, any action profile
where all agents’ first-order conditions are satisfied is in fact an equilibrium and thus
a feasible solution to (PM). So any optimal solution to (RPM) is an optimal contract.
Second, the equilibrium action profile at this optimal contract is strict. The statement

of the result follows. 0]
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B.2. Directional differentiability. This section shows modified balance conditions
can continue to hold when the induced equilibrium varies differentiably as the contract
is perturbed in some, but not necessarily all, directions. The underlying idea is that the
principal may only have available perturbations that preserve some global constraints
along with the first-order conditions.

Consider an optimal contract 7* and a corresponding equilibrium a*(7*) that is sta-
ble but not strict. Then the implicit function theorem ensures that as we perturb the
contract 7* to 7 locally, there is an action profile a(7) satisfying agents’ first-order con-
ditions that is continuously differentiable in 7. Since the equilibrium is no longer strict,
however, these action profiles need not be equilibria for all 7: if agent ¢ is indifferent
to his equilibrium action a*(7*); and some alternative, then after perturbing the con-
tract the locally optimal action a(7); need no longer be globally optimal. Then there
could be perturbations for which the principal would prefer a(7) to a*(7*), so our full
balance conditions need no longer hold. But if there are perturbations such that a(7)
remains an equilibrium, then we can obtain balance conditions in the directions of all
such perturbations.

Consider increasing payments to agent ¢ in the direction ¢;, where ¢;(s) specifies the

change in payments to agent i in each outcome s. We hold fixed payments to all other

agents j # i.

Definition. We say equilibrium is maintained in direction t; if there exist a one-
parameter family T(x) of contracts with T(0) = 7" such that 7;(0) = t;, 7;(0) = 0 for

J # 1, and such that a(T(x)) is an equilibrium for x in some neighborhood of 0.

When there are directions where equilibrium is maintained, we obtain balance condi-
tions in those directions. The statements of these conditions must be modified since we

now change payments under multiple outcomes.

Theorem 4. Suppose T* is an optimal contract inducing equilibrium a* with team per-
formance Y*. For all directions t; such that equilibrium is maintained and 77 (s) > 0

whenever t;(s) > 0, we have

qaic; (Z P (Y*>ti(5)u;<7-i*(5>)> =Y P(Y")ti(s)

seS SES
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for a constant q that is independent of the direction t; and agent i.

Proof. The proof follows a similar approach to the proof of Theorem 1. Consider any
agent ¢ receiving a payment in at least one outcome. Also, consider a direction of
payment perturbation ¢;. As before, we can ignore agents that receive a zero payment
at the optimal contract as they continue to take a zero action and not contribute to the
change in equilibrium team performance. The change induced by such perturbation t;

dY (t;) = VY (a*)" - da*(t;),

where dY (+) is the directional derivative of equilibrium team performance and da*(+) is
the directional derivative of equilibrium actions. We state a lemma which characterizes

the change in equilibrium actions for such a perturbation.

Lemma 8. The change in equilibrium team performance as payments to agent i are
perturbed in direction t; is
dY (t;) = lae; Z PAY*)ti(s)ui(1:(s)),
seS

for some constant [.

Proof. Consider the equilibrium action profile a*. For an agent j, the first-order condi-

tions imply a} must solve the equation

(41) Ci(a;) = (Z PQW)W(B@’))) 2—3;

s'eS
Let us take the directional derivative of (41) in direction ¢;. The expression we obtain

depends on whether j =i. For all j # i,

“~ 9%
1 / * .
7 (a;)dai( <S§GSP Ju;(T;(s ))) 2~ Durda; daj(t;)
oY "
+ _8ajdy(ti) Y~ PL(Y )uj(75(s)).

seS

On the other hand, for j =1
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—~ 0%
1" / * .
7 (ag)dai( (5 P(Y)u;(7;(s )) ' Darda, daj(t;)

seS

NS Pl (75(5)) + ey (8) 7 P s (75(5)).

4 s Oa; s€S
We can combine these equations to write the resulting expression in vector form as
0
da’(t;) = [H ~UG|™ | £ 33 s PUY)t(s)uj(m(s)) | +dY (&) [H - UG] ™" d.
0

where d is a vector with j' element defined as

dj = aa ZP” Ju;i(75(8)).
j

SES

The change in equilibrium team performance is

0
dY (t;) = VY(a" )" [H -UG] " |8 .5 o PUY)ti(s)uj(i(s))
0
+dY (t;,)VY ()T [H - UG] " d.

Applying the definitions of «; and ¢; while rearranging the equation, we obtain

1 /
dY(ti) = 1 _ VY(CL*)T [H UG 1 Qi C; SEZS P (5))7

= la,c Z PY™)t;(s)u;(Ti(s)),

seS

1
1-VY(a*)T[H-UG| 'd’

desired result. O

where | = Observing that [ does not depend on ¢, we obtain the

To prove the theorem, we utilize this expression for change in team performance
to analyze the principal’s first-order condition. For any agent 7, consider a direction
of perturbation ¢; such that whenever ¢;(s) > 0, the optimal contract is such that

77(s) > 0. Because equilibrium is maintained in direction ¢; , the following principal
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first-order condition must hold:

dY (t:) ) (vs - Zﬂ'@) P/(Y*) = P(Y")ti(s)
seS =1 seS

-~

D

Substituting the expression in Lemma 8, we get
IDajei »  PUY*)ti(s)uj(ri(s)) = > Po(Y*)ti(s).
seS seS

The expression in the theorem follows by taking ¢ = ID. U

APPENDIX C. CONTRACT DESIGN USING PRODUCTIVITY AND CENTRALITY

ESTIMATES

We assume that P(Y) is concave for simplicity. The principal observes o, P'(Y™*),

and G’ and naively calculates
(€)' =(a)' (I - P(Y)TG)",

where T' = diag(7). It is without loss to consider only those agents with positive pay
at contract 7. We also assume that ) . 7; <1, as any contract paying agents more than
the revenue 1 from success is clearly suboptimal. We begin by proving a result when

the network is known to have bounded spillovers.

Proposition 5. Suppose ||TG|2P'(Y*) < r for some fized constant r < 1. If o)ic; —
¢ > € for some € > 0, then we can choose 0 > 0 independent of G such that c;c; —

ajc; > 0 whenever |G — G'|| < 6.

Proof. We take § small enough so that r + dP’(0) < 1, and therefore r 4+ JP'(Y) < 1 for
all Y by concavity of P(Y).
Note that
(I-PYHTG)'—~(I—-PY)HTG) ' =(I-P(Y"TG) (P Y)T(G-G))(I-P(Y* TG )"

(N

v~

~
M M’

Solving for the norm of M — M,

IM - M|, =||(I - P(Y)TG) '"P(YT(G - G)I - P (YTG)™|,,
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SP'(Y*)
T (1=r)(1—=r—=30P(Y*)
dP'(0)
“(1=r)(1—=r—=0P'(0))

(by max7; <1),

(by concavity of P(Y)).

This implies
5P'(0)

(1—7r)(1—r—0P(0))

le =€l < ez -
So
JP'(0)
(1—r)(1—r—0P(0))
The result follows from choosing d small enough so that the right-hand side is less than
€. 0

le(e = €)ll2 < llexlf3 -

We next provide details of the example.

Example 1 (Details of Example). Consider a network with four agents and two non-zero
links G152 and G3y4, with

Y = Z a; + G12a1a2 + G34a3a4.

Suppose that agents are risk-neutral and P(Y") is locally linear with slope P'(Y*). By
taking Y* close to zero, we can take P'(Y*) to be arbitrarily large.

The network consists of two distinct subteams with a single link in each. We now
show that small measurement error can generate large observed differences in centralities
between the two subteams.

Consider a contract 7 = (%, %, %, é) Equilibrium actions are

_P(Y) 1 PV 1

* *

8 1-P(Y )G/ M T T8 1 P(Y")Ga/8

The principal observes G’ and the productivities
a; = =14 Geal, a3 = oy = 1+ Gayas.

We suppose that G’ also has two non-zero links G, and G%, (and no other links). So
the principal naively calculates centralities

1 b 1
N T PY)GL, 8 P T AT BT Py Gy /8

c)=cy=
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Fix € > 0. Let
Gio=9+1/2,Gsa = 9,G15, = 9,G5 =g+,

where 1 > 0 is arbitrary. So the link between 1 and 2 is stronger than the link between
3 and 4, but the principal believes the link between 3 and 4 is the stronger one due to

measurement error. We calculate

aa‘(1+P’<Y*)~ g9+n/2 > 1
14 = 8 1-P(*)g+n/2)/8) 1-P(Y*)g/8
P(Y*) g ’ 1
- <1+ 8 '1—P’(Y*)g/8> 1= P(Y*)(g+n)/8

for g such that P'(Y*)g/8 is sufficiently close to 1. By taking g such that P'(Y*)g/8
is sufficiently close to 1, we can ensure ascy — ¢y > €. Since a; > a3 and ¢; > ¢,
however, azcs — ajc; < 0. This all holds taking 7, and therefore the norm |G — G'||2,

to be arbitrarily small.

Finally, we provide a result when the spectral gap is not too small. Let vy,..., v, and
A1, ..., A, be the eigenvectors and eigenvalues, respectively, of T>GT:z. Let vy,..., 0
and \},..., Al be the eigenvectors and eigenvalues, respectively, of T>:G'T:3.

Proposition 6. Suppose P'(Y*)A\; — P'(Y*)|Xo| > 1" for some constant ' > 0. If
v} — avl; > € and Z(c',’u@(aivzi — a;up;) > €
>1

for some € > 0, then we can choose 0 > 0 independent of G such that o;c; — oje; > 0

whenever |G — G'||y < 4.
Proof. We will show that we can choose § > 0 independent of G such that

QU1 — QU154 Z 0 and Z<C, ’Ug>(0zﬂ)gi — ij?]gj) Z 0.
>1
This will imply

Q;C; — QiC; = Z(C, ’Ug> (Oéﬂ)gi — Oéjl)gj)
/=1
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= <C, ’01>(Oéﬂ)1i — Oélej) + Z<C, ’Ug>(OéiUgi — Oéjl)gj)
£>1

>0

as desired.
Step (l) QU1 — QU154 Z 0.
We begin by bounding ||v; — v}||2. We have
IT*GT v > IT2G'T04 ), ~ |TH(G — G)T 4o,
> [Nville = 1T [2|G" = G2l T (|23 2,
> N\ — 6,
> A\ — 20.
The final inequality follows from the bound || Tz (G' — G) Tz ||, < & which implies |\, —

A1 < 6 by Weyl’s theorem.
On the other hand, writing v| = > w;v; with Y, w? = 1, we have

IT:GT |, = (Z wfw)

. : 1yl
Combining our two expressions for ||Tz2GTz v |2,

Since Ay — [Ao| > 7'/P/(Y*) and Ay P'(Y™*) < 1, this implies w; — 1 as § — 0. So we can
choose f(4) depending only on 7’ and P'(Y*) and converging to 0 as 6 — 0 such that
|vr — vi]l2 < f(9) whenever |G' — G2 < 6.

Since ov); — av}. > €, we can choose ¢ sufficiently small so that o,;v; — aiv1; > 0
14 V15 ) V15

2

whenever ||v; — v/ ||z < f(§) and therefore whenever |G’ — G|, < 6.
Step (ii): > ,.;(c, vo) (e — ajve;) > 0.
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We can write T:GT> = H, + H,, where H; is rank one with eigenvalue \; and
cigenvector vi. Similarly we can write T2G'T2 = H! + H}. Then

Tl 1N 11 Tpi 1N NN—1gp—1 I
o' T2>(I-P'(Y*)Hy)'T™> = ) (e, v)v, and o' T2 (I-P'(Y*)H})"'T™2 = (c/,v))v}.

0>1 0>1

We have [|P'(Y*)Hyl|ls < P'(Y*)|A2]. Because P'(Y*)A\; < 1 and A\ — |Ag| > 1" > 0,
we can choose r < 1 independent of G such that P'(Y*)|\y| < r. Since ||[Hy — Hjlls <
|G — G |2+ || Hi1 — Hjl|2, essentially the same argument as in the proof of Proposition 5

gives a bound on

lo" T2 (I — P'(Y*)Ha)™" — (I — P'(Y*)H) T2 ||, = Y ((e, ve)ve — (¢, v})v))

>1

2

=

, which

we can assume is well-defined by dropping any agents receiving zero payment. When

in terms of § > 0. We note the bound now includes an additional factor max; 7,

szl((c, ve)vy — (c’,vg)vg)HQ is sufficiently small, we must have

Z<C; vy) (v — avgg) >0

>1

as desired. 0

APPENDIX D. SUFFICIENT CONDITIONS FOR POSITIVE PAYMENTS

The balance result in Theorem 1 only applies to agents receiving a positive payment
under a given outcome. As discussed in Section 4.2, not all agents necessarily receive
positive payments at the optimal contract. In this section, we provide sufficient condi-
tions on the environment which guarantee every agent receives a positive payment at

some outcome.

Assumption 4. The environment is such that:

(a) The contract giving payments 7;(s) = 0 for all i and s is not optimal. Moreover,
under the optimal contract T*, there is an agent i satisfying 7;(s) > 0 for some
s and centrality c¢; > 0.

(b) For every agent i, lim, o u(7) = o0.
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(c) For any pair of agents i and j and any action profile a,

2
o¥la) .,
8aj8ai -

Part (a) ensures that the principal finds it optimal to pay at least one agent in the
team and that there is an agent who receives a payment at some outcome and has a
positive centrality. Part (b) is a standard Inada condition for the agent’s utility. Part
(c) says that agents’ actions are complements in the sense that an agent’s effort increases
team performance more when other agents exert more effort.

Under these assumptions, all agents are paid precisely at the outcomes that are more

likely when team performance increases slightly.

Proposition 7. Suppose 7* is an optimal contract with induced team performance Y™*.

For any agent © and any outcome s,

77(s) >0 if and only if P.(Y*) > 0.

In general, it can be optimal to exclude some agents from the optimal team (by offering
them no incentives). The proposition states that when agents are sufficiently risk averse
and actions are complementary, it is optimal to include all agents. Moreover, all agents
are paid under all outcomes that would become more likely if they increased their effort.

The remainder of this section proves the proposition. We begin by stating a key
lemma, which will help show that at any optimal contract all agents have positive cen-

tralities.

Lemma 9. At any optimal contract T, the spillover matrix H>UGH": has spectral

radius strictly smaller than 1.

Proof. We will use p to denote the spectral radius of H :UGH :. We will show that
the spillover matrix cannot have p > 1 at any optimal contract. To do so, we will
construct a perturbation of the contract giving the principal a higher payoff.

By definition (see Section 3.1),

T [I _HUGH 3| = o”.
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It is helpful to recall the definitions of the terms in the spillover matrix. The matrix U
is diagonal with entries
Ujy = Y PUY " )u(7; (s)).
seS
We showed in Lemma 3 that any agent receives a positive payment under an optimal
contract 7* only at outcomes where P!/(Y*) > 0. An implication of this is that each diag-
onal entry in U is positive. The matrix G is non-negative by Part (c¢) of Assumption 4.

The matrix H is diagonal with entries
Hj; = CF(aj).

Since we assume cost functions are strictly convex, these diagonal entries are positive.
It follows that H :UGH 2 is non-negative, so by the Perron-Frobenius theorem this
matrix has a right eigenvector p with non-negative real entries and a positive real eigen-

value. Then

c’ [I - H:UGH: p=alp,
which can be simplified to
(42) (1-pc'p=a’p.

Now, suppose that H “SUGH"* has spectral radius p > 1. By assumption, the
team performance Y'(+) is strictly increasing in each of its arguments. It follows that the
right-hand side of (42) is positive. If the spillover matrix has spectral radius equal to 1,
the left-hand is 0 while the right-hand is positive. Thus, we cannot have spectral radius
1.

We must show we cannot have a spectral radius p > 1. Since 1 — p is negative,
this implies ¢! p is negative. We will construct a direction ¢ such that when the optimal
contract 7* is perturbed in direction £, the agents’ individual incentives move in direction
—p. The resulting change in the equilibrium team performance is proportional to —c’p,
which is positive. This will contradict the optimality of contract 7*.

We now state a lemma that characterizes the change in team performance when the

contract is perturbed in some direction ¢, where t;(s) specifies the change in payments



INCENTIVE DESIGN WITH SPILLOVERS 73

to agent 7 in each outcome s. (Payments only to agents receiving a positive payment

are perturbed.) The result below generalizes Lemma 1 to any arbitrary direction.

Lemma 10. The change in equilibrium team performance as payments to agents are

perturbed in direction t is

dY (t) = ZZ ;i (Z P;(Y*)E@)“;(n*@))) :

seS

for some constant [.

The proof of the result above follows the same approach as the proof of Lemma 8
so we omit it for brevity. We utilize this expression of change in team performance to
analyze the principal’s first-order condition. The derivative of the principal’s objective

18:

SES i SES

YO (13w 0) )= 3 R0

D

Substituting the expression in Lemma 10, we get

(43) ID aie; > PUY ti(s)uj(r7(s) = D) Pu(Y*)ti(s).
i seS i sES

We will show there exists a direction of perturbation t satisfying the following prop-

erties:

e Every element of eigenvector p satisfies
pi=—a; Y PUY)ti(s)ui(r7 (),
seS

e t;(s) <0 for any agent ¢ and outcome s, and

e t;(s) <0 only if 77*(s) > 0.

For each agent i, choose an outcome s; where he receives a positive payment. (Recall
we have already restricted to the set of agents who receive a positive payment at some

outcome, so this is possible.) At such an outcome s;, the probability P (Y*) > 0. For
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outcome s;, define

Di

AT )

We have t;(s;) < 0 because «; > 0 and the entries of p are non-negative. For any other
outcomes s € S\ s;, define t;(s) := 0.

Substituting in (43), the derivative of the principal’s objective in direction ¢ is
(44> _chTp - Z PSZ(Y*)tZ(SZ)

The rest of the proof establishes that the expression above is positive. First, we show

that the quantity (D > 0. By Part (a) of Assumption 4, at the optimal contract 7%,

there exists some agent i satisfying the following conditions on payments and centrality:
*

77(s) > 0 for some outcome s and ¢; > 0. It must be that the principal’s first-order

condition (see proof of Theorem 1) applied to agent i is satisfied with equality, that is,
IDa;c; PL(Y*)u (77 (s)) = P,(Y™).

Moreover, since ¢; > 0 we must have [D > 0. Combining this with ¢I'p < 0 it follows

that the first term —IDe’p > 0. The inequality
(45) _chTp - Z PSz(Y*)tl(Sl) >0

follows from noting that ¢;(s;) < 0 for every agent i.
Since 7;(s) > 0 whenever t;(s) # 0, a sufficiently small perturbation in direction ¢ is
feasible. So 7* cannot be optimal, which gives a contradiction. We conclude that at the

optimal contract 7%, the spillover matrix H :UGH : has spectral radius p < 1. O

To characterize whether an agent receives a positive payment, it is useful to know
whether the agent’s centrality is positive. We can apply Lemma 9 to show that the
centrality of each agent receiving a positive payment is strictly positive. To see this,

recall that centralities are defined by

-1

I —al|I— H—%UGH—%]
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Since at an optimal contract the spectral radius of H SUGH : is strictly smaller than

1, we can expand the right-hand side as a power series:
> 1 1 k
c’' =a’ Z (HTUGHT)
k=0

The spillover matrix H-2UGH 2 is non-negative (see the proof of Lemma 9) while
each entry of a is strictly positive. We conclude that the centrality c; of each agent
receiving a positive payment is strictly positive.

Unfortunately, this does not allow us to conclude that all agents receive a payment.
Suppose some agent received payment zero under 7*. The Inada condition guarantees a
small payment to that agent under suitable outcomes would provide a large incentive to
work. But whether this incentive helps the principal depends on the sign of that agent’s
centrality. We will now show that agents that do not receive a payment at the optimal
contract have a strictly positive centrality as well.

Our definition of centrality in Section 3.1 focused on agents that receive a payment.
We will extend the definition to all agents. To do so, we extend various other definitions

to allow entries for every agent. Define the matrix H € R™™ to be diagonal with entries
Hjj = C'j”(a;)

Define the vector a by

&= H :VY(a").
Define the matrix U € R™" to be diagonal with entries
Ujs =) PUY")uy(7}(s)).
seS

For any agent that does not receive positive payments under any outcome, the diagonal

entry is 0. Define G € R™" to be the transpose of the Hessian matrix, i.e.,
~ oY

ij = aakﬁaj'
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Observe that the Hessian G defined for agents that receive a payment is a submatrix of

G. We can now define all agents’ centralities given the optimal contract 7* by

-1

(46) &= al [I ~HUGH:
Lemma 11. Suppose 7* is an optimal contract. For any agent i, the centrality ¢; > 0.

Proof. We first verify for agents that receive a payment that their centrality defined in ¢
is equal to their centrality as defined in e¢. For ease of notation, let the spillover matrix
on all agents S = H :UGH? and for those with a payment S = H :UGH .

We will show that S and S have the same non-zero eigenvalues. Consequently, they
have the same spectral radius. Suppose p is an eigenvalue of S with corresponding
eigenvector v. Then, p is also an eigenvalue of S. To see this, suppose (without loss of
generality) agents with a payment are labeled {1,...,k}. Rows (k + 1) onwards in S
have all zeros. The matrix S is the top-left (k x k) dimensional submatrix of S. We
can define a n-dimensional vector v as v; := v; when ¢ < k and v; := 0 when ¢ > k. It is
straightforward to see v is an eigenvector of S with eigenvalue p. We will now prove the
other direction. Suppose /i is a non-zero eigenvalue of S with corresponding eigenvector
v. Since rows (k+ 1) onwards in S have all zeros, it must be that 7; = 0 for components
i > (k4 1). But this implies v, corresponding to the first k£ components of v, is an
eigenvector of S with eigenvalue p. Applying Lemma 9 tells us the spectral radius of S
is strictly smaller than 1.

So we have the following power series expansion of (46):

(47) d'=a") 8
=0
We can write for any ¢ > 1
ge _ Sf Jg
0 0f

where J; is a matrix that does not contribute to the centrality. Substituting in (47) and
noting that the first & elements of a are just the vector a, we get ¢; = ¢; for agents that
receive a payment. The centrality ¢; for an agent without a payment will affect overall

team performance when their payment at a particular outcome is perturbed.
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All that remains to show is that ¢; > 0 for every agent. This follows from (47): S is

non-negative and every element of a is strictly positive. 0

We now complete the proof of the proposition.

Proof of Proposition 7. The proof involves analyzing the derivative of the principal’s
objective with respect to payments made to the agents. Consider any agent 7. As shown
in the proof of Theorem 1, the derivative of the principal’s objective with respect to

7;(s) is
[Daycuy (17 (s))Pi(Y™) — P(Y™).

Forward direction: Let S} be the set of outcomes at which an agent i receives a positive

payment. Then
P{(Y*) >0 for all s € S;.

The statement of the forward direction is exactly Lemma 3. Note that the arguments
to prove the lemma did not require an Inada condition.

Backward direction: Any agent i receives a strictly positive payment at all outcomes
where P.(Y*) > 0.

By Part (a) of Assumption 4, at the optimal contract 7%, there exists some agent
1 receiving a positive payment at some outcome s and has centrality ¢; > 0. Note
that from the forward direction, we must have P.(Y*) > 0. The principal’s first-order

condition (see proof of Theorem 1), applied to agent i is
[ Do, (77(s))PLU(Y™*) — Po(Y*) = 0.

This implies {D > 0, because ¢; > 0. For any other agent j, recall from the proof
of Theorem 1 that the derivative of the principal’s objective in 7;(s), is given by the

expression

IDaejuy(17(s)) PUY™) — Po(Y™).

J
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This expression was stated for any agent receiving a positive payment at some outcome,
but also holds for agents receiving a zero payment at all outcomes as long as the pertur-
bation is made at an outcome s at which P/(Y*) > 0.2 It is straightforward to verify
that ¢; is exactly the term that appears in the centrality vector ¢ defined in the proof
of Lemma 11. By the Inada condition on the marginal utility function, the observation
that [Dc; > 0 (which holds because ¢; > 0 as shown in Lemma 11), and the fact that
P(Y*) >0
lim IDajc;ul (77 (s))Pi(Y™) — Py(Y™) > 0.

T]’-“ (s)—0

Thus, we cannot have 75 (s) = 0 at an optimal contract. O

APPENDIX E. OPTIMAL EQUITY PAY

The contracts in our main model are finely tailored to individual outcomes (see Corol-
lary 2). In practice, such contracts may be difficult to implement, and firms often use
simple compensation schemes. Our results can be adapted to characterize optimal con-
tracts within a restricted class. This section provides an illustration by analyzing one
widely used incentive scheme: equity pay. Note that in simple success-or-failure envi-
ronments, all optimal contracts feature equity pay, but in general the optimal equity

contract need not match the optimal unrestricted contract.

23Recall that Lemma 1 was defined for any agent receiving a positive payment at some outcome. We
show that the result also holds for agents receiving zero payments at all outcomes, when the perturbation
in payments is made in an outcome where P.(Y™*) > 0. For any agent ¢ taking action a} > 0, the first-
order conditions at equilibrium imply that a} solves

Ci(a;) = (Z PQI(Y)Ui(Ti(S'))> gz

s'eS

We show the equation must also hold if af = 0. To see this, recall that af = 0 if and only if 7;(s) =0
at all outcomes s. Consider the first order-condition when af = 0 and 7;(s) = 0 for all s:

al0) = (Z 7, <Y>ui<o>> -

s'es
The left-hand side is zero because C’(0) = 0. The right-hand side is zero since ), .5 P, (Y) = 0. So
the first-order condition holds in this case as well. It follows that the first-order condition binds when
payments are perturbed for such an agent at an outcome where P.(Y*) > 0.
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An equity pay contract pays each agent a fixed share 7;v, of the surplus v, produced

by the team. For a given equity contract 7, the expected payoff to the principal is

(1 - ZT> > . P(Y).

1EN seS
The expected payoff to agent ¢ from an equity share 7; is
U =Y i (ry05) Po(Y) = Ci(ay).
sES
The result below characterizes an optimal equity contract 7*. We maintain Assump-

tion 1, which now states that there is a neighborhood of 7* in the space of equity

contracts where 7(a*) is continuously differentiable.

Proposition 8. Suppose T* is an optimal equity contract and Y* is the induced team
performance. There exists a constant A\ such that for any agent i receiving a positive
equity payment, we have
a;c; Z P.(Y*)vaul(1ivs) = A
seS
The proof, which we provide below, follows a similar approach to the proof of The-
orem 1. It involves analyzing the effect of perturbations to equity payments on the
principal’s objective. Perturbations in the equity payment of an agent affect payments
at all outcomes. The direct effect of increasing 7; on i’s action is proportional to the
change in marginal expected utility from payments, which is given by the expression
Q; Z P.(Y*)vau (17 vs) .
s€S
The summation captures the total direct effect of increasing an agent’s equity on team
performance by aggregating across outcomes, and multiplying by ¢; includes indirect
effects. At an optimal equity contract, the effect of perturbing equity payments on total
team performance must be the same for all agents with positive equity.
In general, the balance condition in Proposition 8 characterizing optimal equity con-
tracts does not match the condition in Section 3 characterizing optimal contracts. An
optimal contract fine-tunes payments at each outcome, incentivizing agents to exert

optimal effort levels. Equity pay imposes a particular linear relationship between the
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payments for different outcomes that may be practically convenient but sacrifices some
incentive power. We note the contrast with Dai and Toikka (2022), building on Car-
roll (2015), which finds that linear contracts are optimal for a principal designing team

incentives that must be robust to uncertainty about the environment.
Proof of Proposition 8. We begin with a lemma, which adapts Lemma 1.

Lemma 12. Suppose T* is an optimal equity contract with corresponding equilibrium ac-
tions a* and team performance Y*. For any agent i, the derivative of team performance

mn 7;, evaluated at T, is

ay
dTi

= loyc Z PL(Y*)vsul (T7vy),

seES

where [ is independent of © and s.

Proof. The steps taken in this proof are exactly the same as those taken in the proof
of Lemma 1. We analyze the change in team performance as the equity transfer to an
agent is perturbed. Consider an equity payment scheme 7* and any agent i. Consider
marginally increasing 7;. The change induced by this perturbation is

oY . da*

or; or;’

where a* is the equilibrium action profile for the contract 7. The substance of the proof

(48) = VY (a*)"

is analyzing the second term on the right-hand side of (48).

As in Lemma 1, it is without loss to analyze the change in the action of agent ¢ and
actions of agents j that take strictly positive actions in profile a*. The analysis from
here on focuses on such agents, overloading notation to represent the actions of these
agents by a*.

We will show that the change in equilibrium actions a* as the equity 7; increases is
(49)

0
a * 1 1 1 -1 1 6Y —
ai. —H: [I - HTUGH*E] H™ | 2050 o PUY)ua(rvs) [ +5— [H ~UG| ™ d,
0

where d is a vector that depends on the curvature of the probability of outcome Ps(-).
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Consider the equilibrium action profile a*. For an agent j, the first-order conditions

imply a} must solve the equation

, ( Y
(50) C’(ay) (ZP Jui (105 ) 90

seS

To arrive at (49), let us implicitly differentiate (50) with respect to 7;. For all j # ¢,

,, ( " 0%Y Oaj,
(51) C’ 6’7’1 (ZP Juj (1505 ) (k_l Do, ) (‘37'@-)

seS

LY oY
52 P (o,
(52) " 00, on L UCR)

Similarly for j =i,

da; "\ %Y Oa;
" J / s . k
(53) C ( ) 87’1 (Z PS(Y)UJ (TJUS)> (k:1 8akaaj aTi >

s€S
)% , , ay oYy ”
(54) + 87%’ Z P(Y)vsuj(Tjvs) + (9_(1] : o, P(Y)u;(Tjv5)
seS €S
We can combine (51) and (53) in vector form:
da* 0 )%
a _ -1 _ -1
87—1’ o [H UG] aal ZSES (Y) (Tﬂ)s) + aTi [H UG] d’
0

where d is a vector with d; = 23" o P!(Y)u;(7;v,). The expression in (49) follows.
J
Substituting (49) into (48), the change in team performance as the equity payment 7;

increases is

0
oY -
S =VY(@) H ! [I-HUGH | H* |20 PUY)o(rv)
0

)%

*\T o -1
5, V(@) [H-UG| d
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Applying the definitions of «a; and ¢;, we obtain

an = i ; AV DRTACTRES ‘;Tl VY(a')"[H-UG| " d.
Rearranging,

oy = 1 yeTer Z PUY )vsu;(Tivs).

0 1-VY(a*)T[H -UG]” =
Setting [ = 17VY(a*)T?H7UG]_1d and observing [ does not depend on ¢, we obtain the
desired result. O

The expected payoff for the principal under equity payment 7 and corresponding

equilibrium actions a* is

(1 — Zr) > wP(Y(a

iEN seS
Suppose T* is an optimal equity contract inducing equilibrium a*(7*) with team per-
formance Y*. Consider agent 7 such that 7" > 0. Then the first-order condition for 7;*

implies that

g . (1 — ZTZ*> szpé(y*) = szps(y
de ieEN SES sES

-~

D

The left-hand side is the benefit from increasing 7;° while the right-hand side is the
expected additional transfer required. Since each outcome occurs with non-zero proba-
bility, the summation labeled D is nonzero.

Substituting Lemma 12 in the above equation, we obtain

P (Y™
lacZZP' TUS)_ZSESUZ) ( ),

seS
= G Z P(Y ) vsul(tivs) = A,
seS

where A =) _cv,P(Y*)/(ID). Observing that X is independent of ¢ and the outcome

s, the statement of the result follows. 0
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